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Abstract
Dense retrieval, which encodes queries and documents into a single

dense vector, has become the dominant neural retrieval approach

due to its simplicity and compatibility with fast approximate near-

est neighbor algorithms. As the tasks dense retrieval performs

grow in complexity, the fundamental limitations of the underlying

data structure and similarity metric—namely vectors and inner-

products—become more apparent. Recent work has shown theo-

retical limitations inherent to single vectors and inner-products,

which are generally tied to the embedding dimension. Given the

importance of embedding dimension for retrieval capacity, under-

standing how dense retrieval performance changes as embedding

dimension is scaled is fundamental to building next-generation

retrieval models that balance effectiveness and efficiency. In this

work, we conduct a comprehensive analysis of the relationship

between embedding dimension and retrieval performance. Our

experiments include a range of model sizes from two model fami-

lies to construct a detailed picture of embedding scaling behavior.

We find that the scaling behavior fits a power law, allowing us

to derive scaling laws for performance given only the embedding

dimension, as well as a joint law accounting for embedding dimen-

sion and model size. Our analysis shows that for evaluation tasks

aligned with the training task, performance continues to improve

as embedding size increases, though with diminishing returns. For

evaluation data that are less aligned with the training task, we find

that performance is less predictable, with performance degrading

with larger embedding dimensions for certain tasks. We hope our

work provides additional insight into the limitations of embeddings

and their behavior as well as offers a practical guide for selecting

model and embedding dimension to achieve optimal performance

with reduced storage and compute costs.
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1 Introduction
Dense retrieval has emerged as a cornerstone of modern neural

information retrieval (IR) due to its effectiveness and simplicity.

By encoding queries and documents into a shared latent space, bi-

encoder architectures [15, 36] enable efficient retrieval over massive

corpora using maximum inner product search (MIPS). However, the

scope of dense retrieval has recently expanded beyond simple topi-

cal matching to include more sophisticated tasks such as instruction

following and multi-step reasoning. As these tasks grow in com-

plexity, the inherent limitations of the underlying data structure,

i.e., fixed-dimensional vectors, become increasingly important.

Previous work has shown that the capacity of a dense retriever is

fundamentally constrained by the geometry of its embedding space.

Theoretical analyses have demonstrated that the ability of a model

to perfectly separate relevant documents from a non-relevant set

is strictly bounded by the embedding dimension 𝑑 [17, 31]. For a

corpus of size 𝑀 > 𝑑 + 1, there exist relevance patterns that can-

not be represented by any linear similarity function. Despite these

theoretical insights, the empirical relationship between embedding

dimensionality and retrieval effectiveness has not been systemati-

cally quantified in the same way that model parameters or training

data have been characterized through scaling laws [6, 14].

Though exploring the scaling behavior of embedding dimensions

provides useful insight into existing theories, understanding how
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Figure 1: Scaling behavior of contrastive entropy relative to embedding dimension on TREC DL Combined and MSMARCO Dev.
The points represent the observed contrastive entropy while the line represents the fitted dimension-only scaling law. The
BERT model shown in both plots is BERT-L8-H512-A8. The Ettin model shown in both plots is Ettin L19-H512-A8.

retrieval performance scales with embedding dimension is not just

a theoretical exercise; it is a practical tool for system design, as

demonstrated by the impact of prior scaling laws [8, 14]. As an

example of the impact scaling laws can have, the Chinchilla scaling

laws proposed by Hoffmann et al. [8] showed that for a limited

compute budget, an optimally trained model has both compute and

data scaled equally. This finding allowed the Chinchilla model to

outperform the existing Gopher model with ≈20% of the parameters

and generally empowered more efficient large language model

training. Additionally, scaling laws enable experiments to be done

at a small scale while being able to directly predict the outcome on

a scaled-up version.

As shown by the impact of prior scaling laws, understanding

and predicting how different parameters impact performance are

essential tools for building effective and efficient models. For dense

retrieval efficiency, the choice of embedding dimension 𝑑 directly

dictates the storage footprint of the document index and the com-

putational cost of retrieval. These concerns are especially acute for

on-device settings where disk space is often at a premium. Despite

the impact of embedding dimension on efficiency, practitioners of-

ten rely on the “native” hidden size of a transformer backbone (e.g.,

768 for BERT-base [4]), though it is unclear whether this choice

is optimal or how performance is impacted as dimensions are ex-

panded or compressed. Furthermore, the interplay between model

size (parameters) and embedding size (representation capacity) re-

mains poorly understood, leaving architects without a clear guide

for balancing the two under fixed compute or storage budgets.

In this work, we conduct a comprehensive empirical study of

embedding dimension scaling across two distinct model families:

the classic BERT architecture [4] and the more recent Ettin suite

[32]. By training models across a wide range of parameter counts

and embedding dimensions, including dimensions that exceed the

backbone’s hidden size, we provide a detailed picture of retrieval

scaling behavior. Our analysis reveals that retrieval performance,

measured by contrastive entropy, follows a predictable power law

relative to the embedding dimension. We further derive a joint

scaling law that accounts for both model size and dimensionality,

offering a unified framework for predicting performance.

Our findings show that for retrieval tasks aligned with the train-

ing objective, increasing the embedding dimension yields consis-

tent, albeit diminishing, returns. However, we observe that this

scaling behavior is less consistent for out-of-domain tasks which
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Figure 2: Empirical results and joint scaling laws for the
BERT model family on MSMARCO Dev and TREC DL Com-
bined. The points represent empirical results at various em-
bedding dimensions and model sizes which are represented
by the point colors. The dashed lines represent the joint scal-
ing laws fit on the observed data.

differ from the training distribution, though generally increasing

the embedding dimension still improves performance. Finally, we

demonstrate the utility of our scaling laws by providing a cost-

aware analysis, showing the optimal model and embedding size to

maximize retrieval effectiveness under specific inference compute

constraints. We hope our work serves as a practical guide for the

development of next-generation retrieval systems that are both

effective and efficient.

2 Related Work
Theoretical Impact of Embedding Dimension. Theoretical

analysis highlights the geometric bottlenecks of single-vector dense

retrieval, where the capacity to model relevance is fundamentally

tied to dimensionality [20, 21]. Killingback et al. [17] apply Radon’s
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Figure 3: Empirical results and joint scaling laws for the Ettin
model family on MSMARCO Dev and TREC DL Combined.
The points represent empirical results at various embedding
dimensions and model sizes which are represented by the
point colors. The dashed lines represent the joint scaling
laws fit on the observed data.

theorem to demonstrate that fixed-dimensional spaces cannot lin-

early separate arbitrary relevant sets once the corpus size exceeds

the dimension plus one. Similarly, Weller et al. [31] prove that the

number of realizable top-𝑘 result sets is strictly bounded by di-

mensionality, a limitation which they show can happen even with

simple natural language queries. These findings suggest an inher-

ent expressivity ceiling for inner-product dense retrieval that is

tied to the embedding dimension, which motivates our systematic

evaluation of how embedding dimension dictates performance.

Dense Retrieval and Efficient Representations. Dense re-

trieval models, such as DPR [15], encode text into fixed vectors,

with effectiveness significantly improved via hard negative selec-

tion [25, 26, 34], distillation [9], and self-supervised pretraining

[7, 11]. However, the embedding dimension—a primary driver of

storage and latency for both exhaustive and approximate nearest

neighbor (ANN) systems like Faiss [5]—is typically treated as a

static parameter derived from the encoder’s hidden size. There

has been some work on minimizing the size of the embedding di-

mension via compression or dimensionality reduction [20, 35], but

these approaches generally operate within or below the bounds

of the backbone’s hidden dimension. Matryoshka Representations

[18] are similar, but allow for embedding truncation after encoding.

Other approaches like product quantization [12] can help reduce

embedding space as well. Our work is complementary to many of

the explicit compression techniques and efficient search techniques

which reduce the compute cost of retrieval, as we consider possibly

reducing the dimension of the embeddings for added efficiency. In

contrast to existing approaches to reduce the embedding dimension,

we treat the target embedding dimension as a controlled variable

and systematically study both compression and expansion relative

to the encoder hidden size, including regimes larger than the back-

bone. Our comprehensive analysis allows us to derive scaling laws

that accurately predict the retrieval performance given different

embedding dimensions which has not been possible before this

point.

Scaling Laws for Retrieval. Scaling laws have successfully

characterized performance relative to parameters, data, and com-

pute in language modeling [8, 14] and dense retrieval [6, 24]. Zeng

et al. expanded dense-only scaling behavior to compared scaling

trends across sparse versus dense paradigms. Though scaling laws

exist for dense retrieval, all prior work treats the embedding di-

mension as a fixed hyperparameter. In this work we specifically

isolate the embedding dimension to understand how it contributes

to retrieval performance as well as derive a joint scaling law for

embedding dimension and model size.

3 Methodology
In this section, we describe the experimental setup we use to un-

derstand the scaling behavior of embedding dimensions. Our setup

is largely similar to prior work in terms of model architecture and

training approach to make our findings as realistic and directly

applicable as possible. The few times we diverge from common

training and architectural approaches are in service of our core

research question, which is to understand how embedding scaling

impacts retrieval performance.

3.0.1 Base Encoders. To get a complete picture of the scaling behav-

ior of embedding dimensions, we use two encoder model families,

BERT [4] and Ettin [32]. BERT represents one of the most popular

encoder models while Ettin is a more recent suite and thus adopts

many advancements in model architecture and training recipe. Both

model families include a range of models trained on the same data

making comparisons between models of different sizes possible.

As model size plays a crucial role in both computational cost and

retrieval performance, we select several model sizes across both

families to understand the interplay between scaling model size

and scaling embedding size. The specific models used along with

their parameter counts are presented in Table 1.

The two distinct architectures ensure that our results generalize

beyond a specificmodel configuration. To further bolster our results,

each architecture uses a different training recipe based on popular

dense retrieval approaches. We believe that this is an important

choice for understanding the generalization of our findings and

enabling a more complete analysis of how different training choices

impact scaling behavior.

3.1 Model Architecture
Following existing dense retrieval approaches, we use a bi-encoder

approach which uses a shared transformer encoder 𝐸 to encode

queries and documents [28]. Formally, given text 𝑇 with tokens

𝑡1, 𝑡2, . . . , 𝑡𝑛 , we use𝐸 to encode the text into hidden statesℎ1, ℎ2, . . . , ℎ𝑛
where ℎ𝑖 ∈ R𝑑 and 𝑑 is the hidden size of 𝐸. We then scale these
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Table 1: Information about the models used in our experiments and the parameters of fitting our dimension only scaling law
on MSMARCO Dev and TREC DL Combined.

MSMARCO Dev TREC DL
Model Name Size Embed Dims 𝐴 𝛼 𝛿𝐷 𝑅2 𝐴 𝛼 𝛿𝐷 𝑅2

BERT-L2-H128-A2 4.39 M 32-2048 84.73 1.71 0.128 0.9988 319.19 1.73 0.953 0.9984

BERT-L12-H128-A2 6.37 M 32-2048 61.16 1.75 0.092 0.9991 72.49 1.34 0.810 0.9905

BERT-L4-H256-A4 11.17 M 32-4096 117.48 1.86 0.052 0.9962 63.14 1.21 0.517 0.9993

BERT-L4-H512-A8 28.76 M 32-8192 62.52 1.72 0.027 0.9995 105.71 1.35 0.394 0.9992

BERT-L2-H768-A12 38.60 M 48-12288 472.56 2.23 0.026 0.9996 179.78 1.48 0.359 0.9989

BERT-L8-H512-A8 41.37 M 32-8192 55.21 1.76 0.024 0.9998 158.77 1.48 0.341 0.9997

BERT-L12-H768-A12 109.48 M 48-12288 170.38 2.08 0.018 0.9917 96.42 1.33 0.342 0.9953

Ettin-L7-H256-A4 16.80 M 64-4096 3.46 1.05 0.149 0.9771 9.04 0.91 0.977 0.9782

Ettin-L10-H384-A6 31.88 M 96-6144 58.68 1.64 0.097 0.9806 4.47 0.75 0.769 0.9802

Ettin-L19-H512-A8 68.14 M 128-8192 1.75 0.91 0.058 0.9953 6.00 0.75 0.690 0.9941

Ettin-L22-H768-A12 149.01 M 192-12288 0.83 0.73 0.042 0.9857 11.27 0.80 0.598 0.9923

Ettin-L28-H1024-A16 394.78 M 256-16384 0.38 0.58 0.024 0.9467 14.79 0.87 0.558 0.9709

Ettin-L28-H1792-A28 1028.05 M 448-28672 0.06 0.45 0.022 0.5325 72.94 1.05 0.479 0.9187

values using a linear layer:

ℎ′𝑖 =𝑊ℎ𝑖 + 𝑏

where𝑊 ∈ R𝑚×𝑑
represents the weight matrix and 𝑏 ∈ R𝑚 rep-

resents the bias vector where 𝑚 represents the final embedding

dimension. To get the final embedding 𝑒 , we take the element-wise

mean over all the hidden dimensions in the sequence.

𝑒 =
1

𝑛

𝑛∑︁
𝑖=1

ℎ′𝑖

We selected mean pooling over other pooling methods as it has

a smaller bottleneck than selection-based pooling methods such

as selecting the start token or end token. For Ettin models, we

normalize the final embeddings and apply a fixed temperature of 𝜏 =

0.02 as larger hidden embedding dimensions used by Ettin can cause

unnormalized dot-product similarities to grow with dimension,

leading to inflated similarity values and numerical instability.

3.2 Training Data
To fully utilize the underlying architecture of the model families

and generalize our results beyond specific training data, we use

two different training datasets for the two different encoder fami-

lies. For the BERT-based models, we use the MSMARCO Passage

dataset [22] for training. Specifically, we use the version of MS-

MARCO preprocessed with teacher scores from Killingback et al.

[17]. The dataset contains approximately 500k training queries.

Each training instance consists of: (1) a query, (2) one or more

known relevant passages (from MSMARCO annotations), and (3)

around 200 additional candidate passages. All query-passage pairs

include a score from the cross-encoder model cross-encoder/ms-
marco-MiniLM-L-12-v2 to provide teacher scores for training.

For the Ettin models, we use MSMARCO Instruct [22]. This

dataset augments the standard MSMARCO Passage dataset with

LLM-generated instructions to the original queries. Additional hard

negatives are also generated to encourage instruction following. As

the instruction-augmented queries are in addition to the existing

MSMARCO queries, this dataset has approximately 1M training

queries. We selected this dataset as prior work suggested that it

produced robust performance on complex retrieval tasks [16] and

wewanted to understand whether longer andmore complex queries

would have an impact on scaling behavior.

During training, we sample one positive and seven negative

passages per query. For the BERT-based model we selected the

most relevant passage, as judged by the teacher, as the positive.

For the MSMARCO Instruct data we prioritize sampling the up to

three negatives which were generated to ensure the models are able

to understand instructions, and the rest are sampled from query

negatives. It is worth noting that for the BERT data, although we

call the passages negative, following prior work, the passages might

be relevant as they are sampled from retrieved documents for the

query.

3.3 Training Objective
Our primary training recipe for the BERTmodels combines two loss

functions, a knowledge distillation and contrastive learning loss.We

made this choice to reflect current popular training practices which

often combine the two for improved performance [17, 19, 27, 37].

For MSMARCO Instruct, we only use contrastive learning loss as

the dataset does not have labels, and standard cross-encoders may

not be well suited for the instruction following task. Additionally,

this is also a common training setup for dense retrieval, so it is

worth representing in our experiments.

3.3.1 Margin Mean Squared Error. The Margin MSE loss [10] en-

courages the encoder to reproduce the differences in score margin

from a teacher cross-encoder. For a query 𝑞, positive passage em-

bedding 𝑝+, and negative passage embedding 𝑝− , the loss is:

Lmargin-mse = (Δ
student

− Δ
teacher

)2 (1)

whereΔ
student

= (𝑒𝑞 ·𝑒𝑝+ )−(𝑒𝑞 ·𝑒𝑝− ) andΔ
teacher

= 𝑠
teacher

(𝑞, 𝑝+)−
𝑠
teacher

(𝑞, 𝑝−). The values 𝑒𝑞 , 𝑒𝑝+ , and 𝑒𝑝− represent the encoded

query, positive passage, and negative passage, respectively, and

𝑠
teacher

denotes the teacher cross-encoder scores. We apply Margin-

MSE to each query and hard negative pair in the batch and take the

mean to get the final loss.
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3.3.2 Cross-Entropy Contrastive Loss. The contrastive loss treats
retrieval as a classification problem over passages in each batch.

For a query 𝑞 with positive passage 𝑝+ and negative passages N
that vary for the BERT training and Ettin training, the contrastive

loss is defined as:

Lcontrastive = − log

exp(𝑒𝑞 · 𝑒𝑝+ )
exp(𝑒𝑞 · 𝑒𝑝+ ) +∑

𝑝−∈N exp(𝑒𝑞 · 𝑒𝑝− ) (2)

For BERT, we do not include the seven hard negatives in N as the

sampling strategy results in relevant passages in the hard negatives;

instead, we use only positive passages for the other in-batch queries.

For Ettin, we use all in-batch passages except 𝑝+. Additionally, for
the Ettin models we use a fixed temperature of 𝜏 = 0.02 to account

for the limited range due to the embedding normalization.

3.3.3 Combined Objective. The final training loss for BERT is:

L
total

= Lmargin-mse + Lcontrastive (3)

while for Ettin, it is:

L
total

= Lcontrastive (4)

The choice of two losses allows us to better understand the impact

of training on downstream retrieval performance.

3.4 Training Configuration
As the focus of our experiments is on understanding the behavior

of embedding and model scaling, we use a fixed number of training

epochs for all models in the same model family. For the BERT

models, we use 50 epochs, while for the Ettin models we use 15 as

they have more training data per epoch. We use PyTorch [23] and

Huggingface [33] for our implementation. We use AdamW as our

optimizer with a learning rate of 2e-5, and a linear learning rate

scheduler with a warm-up ratio of 0.05. We use an effective batch

size of 128 for BERT training and an effective batch size of 64 for

Ettin training. For all other hyperparameters, we use the default

parameters from the Huggingface trainer.

A crucial choice for our analysis is which set of final embed-

ding dimensions𝑚 to select. We decided to use multiples of each

encoder’s native hidden size; for all models we used the multiples

Φ : { 1
4
, 1
2
, 1, 2, 4, 8, 16} so that for a model with hidden size 𝑑 the set

of embedding dimensions is {𝜙 · 𝑑 : 𝜙 ∈ Φ}. For some of the larger

BERT models, we included some additional lower multiples { 1

16
, 1
8
}

to understand how they behaved with additional compression.

3.5 Evaluation Data
Following prior work on scaling laws, we use evaluation data that is

closely aligned with the training data [6, 8, 14]. Specifically, we use

a combined version of TREC Deep Learning (DL) 2019, 2020, and

2021 [1–3] and MSMARCO Dev [22] for our main analysis. Both

datasets feature an ad-hoc retrieval task with natural language

queries, similar to the training data. MSMARCO Dev contains ap-

proximately 7k queries with incomplete labels that include one to

two relevant passage per query. Our combined TREC DL contains

150 queries with far more complete labels and graded relevance

labels, constructed through pooling.

We use these two datasets for deriving scaling laws and our core

analysis as using less aligned data adds additional confounding

factors. With that said, understanding how performance on out-of-

domain (i.e. unaligned) tasks is impacted by scaling is an important

consideration. Thus, we include two additional evaluation tasks

from the CRUMB benchmark [16, 29, 38] which have markedly

different characteristics from the training data. The first task is

Legal QA which has reasoning-intense legal questions as queries

and legal statutes as documents. The second is Paper Retrieval

where the queries are paragraphs describing features of a desired

paper and the documents are paper titles and abstracts. We selected

these tasks because the underlying tasks are still similar to the

training task (i.e. retrieval), but the domain and query format are

both different which should capture the models ability to generalize.

For TREC DL, MSMARCO Dev, and Legal QA we consider all

passages in the QRELs with relevance above zero to be positive.

For Paper Retrieval, we use the relevant passages provided by the

binary QRELs.

3.6 Evaluation Metrics
3.6.1 Metrics. Following prior work investigating dense retrieval

scaling laws [6], our primary evaluation metric is contrastive en-

tropy. Contrastive entropy is a smoothmeasure of a retrievalmodel’s

ability to separate a relevant document from irrelevant documents.

The implementation is nearly identical to the contrastive learning

loss we use:

𝐿 = − log

exp(𝑒𝑞 · 𝑒𝑝+ )
exp(𝑒𝑞 · 𝑒𝑝+ ) +∑

𝑝−∈N exp(𝑒𝑞 · 𝑒𝑝− )

Where 𝑒𝑞 , 𝑒𝑝+ , and 𝑒𝑝− represent the encoded query, positive pas-

sage, and negative passage, respectively. For the negatives, N , fol-

lowing Fang et al. [6] we use 256 passages sampled uniformly at

random from the entire corpus excluding known positive passages.

For datasets where queries have multiple positives, we calculate

contrastive entropy for each query-positive pair. The final con-

trastive entropy was found by taking the mean for all positives for

the same query and then the mean over these query values. Like

the contrastive loss we use during training, for Ettin models we

apply a temperature of 𝜏 = 0.02.

To select the best checkpoint, we follow the approach used by

Fang et al. [6] and run contrastive entropy, using our evaluation

datasets, on each model checkpoint and select the best value. As

we are interested in the scaling behavior this is a valid approach to

remove potential noise.

To verify that the observed scaling behavior meaningfully re-

flects retrieval performance under standard ranking metrics, we

study the empirical scaling results of a subset of our evaluation con-

figuration based on reciprocal rank (RR@10) and recall (R@1000)

in section 4.4.

3.6.2 Why Contrastive Entropy? As we aim to study embedding

dimension scaling and derive scaling laws based on empirical re-

sults, our evaluation metric needs to be continuous and able to

measure minor retrieval performance improvements. Traditional

ranking metrics are not well-suited for this purpose as they are

inherently discrete and insensitive to improvements beyond their

cutoff parameter, while sensitive to small changes in ranking order.

As contrastive entropy provides a continuous measure of a model’s

ability to separate relevant from non-relevant documents and has
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been shown in prior work [6] to exhibit strong correlation with con-

ventional retrieval metrics, we select it as our primary evaluation

measure.

Table 2: Joint scaling law parameters and goodness-of-fit (𝑅2)
for BERT and Ettin model families on TREC DL combined
and MSMARCO Dev.

Model Set 𝐴 𝐵 𝛼 𝛽 𝛿 𝑅2

BERT

MS 114.887 0.800 1.887 1.247 0.013 0.975

TREC 85.543 2.588 1.316 0.961 0.295 0.986

Ettin

MS 3.135 1.266 1.015 0.805 0.017 0.997

TREC 2.010 2.444 0.505 0.588 0.450 0.978

4 Results and Analysis
In this section, we present the results of our experiments and derive

scaling laws based on our empirical results.

4.1 Embedding Dimension Scaling Behavior
Given a model, we want to understand how scaling the embedding

dimension impacts contrastive entropy, and, by extension, retrieval

metrics. We do this by scaling the embedding dimension over a

fixed range.

The results of this process are shown in Figure 1 for a selected

BERT and Ettin model on our core evaluation tasks. The points,

which represent the empirical results, follow a clear pattern; as

embedding dimension increases, there is a decrease in contrastive

entropy. Note that lower contrastive entropy is better and correlates

to higher standard retrieval metrics. Although there is a clear de-

crease, as the embedding dimension continues to scale, the decrease

begins to plateau. These results are interesting from a theoretical

point of view as many theoretical limitations of embedding capacity

are tied to the embedding dimension [17, 31] and one might expect

that the gains in performance would continue with less saturation.

From another theoretical perspective, the number of near orthogo-

nal vectors increases exponentially with the number of dimensions

[13], as near orthogonal vectors allow for more information with

minimal interference, they are likely a good proxy for capacity.

At some point, the amount of information necessary to perform

a retrieval task is achieved and any further gains are diminishing.

Additionally, as text and likely the concepts and features within

text, follow a Zipfian distribution [39] at a certain point the vast

majority of likely features are covered, and adding dimensions only

helps for the infrequent long-tail features that have minimal impact

on average evaluation performance.

The empirical results on their own are useful to better understand

the impact of embedding dimension on retrieval performance, but

in order to have a general sense of how scaling embeddings impacts

performance it is useful to have an equation which can predict

contrastive entropy given a model’s embedding dimension. Inspired

by classical risk decomposition, we find that the contrastive entropy

parameterized by the embedding dimension is well approximated

by:

𝐿(𝐷) = 𝐴

𝐷𝛼
+ 𝛿𝐷 (5)

Where 𝐿(𝐷) is the predicted contrastive entropy and 𝐷 is the em-

bedding dimension. The parameters 𝛿𝐷 , 𝛼 , and 𝐴 are learned from

the empirical data. From a risk decomposition perspective, 𝛿𝐷 rep-

resents the irreducible error of the task which is inherent due to

ambiguity in queries and potential missing or incorrect labels. Ad-

ditionally, as we only include a term to represent the impact of the

embedding dimension the irreducible error will also account for

the model’s limited ability to perfectly represent the task. We fit the

empirical results to this equation using Scipy’s curve_fit which
does a non-linear least squares to fit the function.

The result of fitting Equation (5) to our empirical results is shown

in Figure 1 with the dashed lines. The fitted parameters and𝑅2 value,

which is a statistical measure of the proportion of the variance in a

dependent variable that is explained by the independent variable,

for all models on MSMARCO Dev and TREC DL Combined can be

observed in Table 1. The high values of 𝑅2 mean that the variance in

contrastive entropy is well explained by the embedding dimension;

in other words, the predicted lines fit well. Nearly all models have

𝑅2 > 0.95, but the largest Ettin on MSMARCO is quite a bit lower.

This is likely because MSMARCO has lower contrastive entropy

and so does the largest Ettin due to its size, this means noise is

more likely to impact it and thus increase 𝑅2. A similar pattern,

though less pronounced, is also true for the other large Ettin models

on both MSMARCO and TREC DL. Overall, the fit is remarkably

good across model families, model sizes, and evaluation data. The

empirical adherence to the derived scaling law suggests that the

embedding dimension scaling behavior follows a power law. This

finding is in line with previous work on the scaling behavior of

neural networks [6, 8, 14], which also follow power laws.Knowing
that performance gains from embedding dimension scaling
follows a precise power law provides a powerful tool for ar-
chitects of future dense retrieval models which enables them
to predict downstream performance given various choices
for embedding dimension. Additionally, there are applications
to prunable embeddings such as Matryoshka representations [18],

which allow embeddings to be pruned to any size after encoding.

With our scaling laws, the embedding size to use at retrieval time

could be dynamically adjusted with a clear understanding of how

the choice will impact retrieval performance.

4.2 Unified Model Parameter and Embedding
Dimension Scaling Behavior

The prior scaling law assumes that we have a fixed model, but as

shown by prior work on the scaling behavior of dense retrieval

models [6], the model size has a substantial impact on retrieval

performance. With this in mind, we want to understand the inter-

play between these two parameters, which is why we use a range

of model sizes within each model family while conducting our ex-

periments. The results on the combined TREC DL and MSMARCO

Dev evaluation sets for the BERT and Ettin model families can

be seen in Figures 2 and 3, respectively. The points represent the

empirical results across model sizes as the embedding dimension is

scaled. We observe that for similar embedding dimensions different

model sizes have a significant impact on performance, although

like scaling the embedding dimension the gains are diminishing.

In this regard, our findings align with prior work on scaling dense
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Figure 4: Out-of-domain evaluation on Paper Retrieval and Legal QA for BERT and Ettin families.

retrieval model sizes while keeping the embedding dimension fixed

[6], which found the increase in performance from scaling model

size follows a power law.

An interesting result of the joint embedding dimension and

model size plot is that the scaling pattern remains largely consistent

across different model sizes. For example, across all model sizes in

Figure 2 we find that there is a sharp decrease from dimension 32

to 256 while beyond 1024 there is only a minimal decrease. This

indicates that regardless of model scale the required embedding

dimension to do a task well is similar and may be more related to

the evaluation task than the model’s hidden size. This interpretation

aligns with the prior discussion about why there is only limited

improvement as embedding dimension increases. Specifically, for a

given task there is some amount of information that is required to

do well, but at a certain point the common features are accounted

for and additional embedding dimensions only helps for infrequent

features which, by definition, do not appear in many evaluation

tasks.

Another takeaway is that it is very difficult to make up for limited

model size with embedding dimension and vice versa. Once the

embedding dimension is beyond a critical point where improvement

begins to plateau, trying to match a larger model’s performance

by scaling the embedding dimension becomes futile. For example

in the TREC DL portion of Figure 2, the BERT-L4-H512 model can

scale to an embedding dimension of 8k, but is still worse than the

larger BERT-L8-H512 with an embedding dimension of 256. The

same is also true for embedding dimension, but mostly at smaller

embedding dimensions. For instance, when BERT-L8-H512 has an

embedding dimension of 32 even the smallest BERT model can

get lower performance with a larger embedding dimension, while

this is not true when BERT-L8-H512 has an embedding dimension

larger than 32.

Given the empirical results, as in the dimension only case, it

is useful to have a predictable equation for contrastive entropy

given both model size and embedding dimension. We do so by

adding another term to the existing equation which accounts for

the improved performance as model size increases:

𝐿(𝐷, 𝑁 ) = 𝐴

𝐷𝛼
+ 𝐵

𝑁 𝛽
+ 𝛿 (6)

like Equation (5) 𝐷 represents the embedding dimension, while 𝑁

represents the model size based on the total number of parameters.

The values of 𝐴, 𝐵, 𝛼 , 𝛽 , and 𝛿 are learned parameters. As before,

𝛿 represents the irreducible error of the task. We use the same

approach to fit this scaling law as the dimension only scaling law.

When fitting the scaling law we divide the model parameters by

one million (e.g. 1,000,000 become 1.0) to reduce the scale of the

parameters.

Applying the joint scaling law to our empirical results for the

BERT model family on the combined TREC DL dataset and MS-

MARCODev can be seen in Figure 2 with the dashed lines. Similarly,

the results for the Ettin model family are shown in Figure 3.

One useful insight from our joint scaling laws is that in many
cases it is better to use a larger model with a smaller em-
bedding dimension than a smaller model with a larger em-
bedding dimension. Although the exact trade-off is task specific,

this finding is repeated across the models and evaluation tasks. A

meaningful application of this is that embedding dimension is often

the largest controllable factor in the size of the retrieval index and

using smaller embeddings with a larger model could keep the same

quality while halving the index size. We formalize a related idea in

Section 4.5 where we find the optimal model size and embedding

dimension for a fixed inference FLOPs budget.

4.3 Scaling Behavior for Aligned and Unaligned
Evaluation Tasks

In the results shown so far, we focus on the contrastive entropy

of “aligned” evaluation tasks. These are tasks that align with how

the model was trained, including the training data and training

objective. This practice is in line with prior work [6, 8, 14], but

understanding how scaling impacts out-of-domain evaluation tasks

is of significant importance for building generalizable retrieval
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systems. In this section, we explore the scaling behaviors on out-

of-domain evaluation tasks.

The results of evaluating both the Ettin and BERT model families

on our two out-of-domain datasets Legal QA and Paper Retrieval

are presented in Figure 4. The results show that generally as embed-

ding dimension increases there is a decrease in contrastive entropy

which matches the aligned results. However, unlike the aligned

results the behavior is more erratic without an obvious, predictable

pattern. Another unique characteristic is that contrastive entropy

goes up when embedding dimension is increased beyond a certain

dimension for several of the models. This behavior is especially

frequent for the BERT model on the Paper Retrieval task. One expla-

nation is that the Paper Retrieval task is more out-of-distribution

for the BERT models which are only trained on short natural lan-

guage questions, but this would not explain why the increase only

happens as embedding dimensions become larger. Another expla-

nation that better accounts for this uptick is that as the embedding

dimension increases, a more complex similarity function can be

learned. As the BERT models are trained with knowledge distilla-

tion, the larger embedding dimensions may become more aligned

with the teacher and less able to generalize.

To investigate this hypothesis, we trained a set of BERT-L2-H128-

A2 with only contrastive learning (CL) loss and no knowledge distil-

lation. The contrastive entropy of this newCL onlymodel compared

with the original model can be viewed in Figure 5. We can see that

the CL only version has nearly no uptick as embedding dimension

scales, while the knowledge distillation variant does. This finding

supports our hypothesis that the distillation loss enables the model

learn a more specialized relevance function that is better suited for

the aligned data, but which does not generalize as well. Crucially,

the “overfitting” does not occur until a certain embedding dimen-

sion likely because prior to that point the representations lack the

capacity to properly model the more specialized relevance function.

This hypothesis is further supported by the absence of an uptick

in the Ettin models which do not use knowledge distillation and

prior work by Zeng et al. [37] that shows knowledge distillation

can hurt generalization.

Even with the upticks in the BERT models the general trend

remains the same: performance improves as we scale dimensions.

This means the scaling laws likely still broadly apply out-of-
domain, just not as predictably. These results mean scaling is

likely a robust way to improve dense retrieval performance in a

generalized way.

4.4 Scaling Behavior Based on Ranking Metrics
While contrastive entropy serves as our primary evaluation met-

ric, it is important to assess whether the observed scaling trends

translate to improvements in a full retrieval setting. Prior work on

scaling behavior of dense retrieval models [6] has shown a strong

positive correlation between contrastive entropy and standard rank-

ing metrics. To verify that this correlation holds in our experimental

setup, in this section we run an auxiliary retrieval evaluation and

analyze scaling behavior based on classic retrieval metrics. Since

we use contrastive entropy as a proxy for retrieval performance

and exhaustive retrieval evaluation across all models and datasets

would fall outside the scope of our study, we restrict this analysis to
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Figure 6: Scaling behavior based on ranking metrics (RR@10
and R@1000) for BERT model family on MSMARCO Dev.

a representative subset of our experimental configurations. Specifi-

cally, we evaluate the BERT model family on the MSMARCO Dev

dataset and report retrieval effectiveness in terms of reciprocal rank

(RR@10) and recall (R@1000) as the embedding dimension is scaled.

The results of this evaluation are presented in Figure 6. We can ob-

serve that the trend of performance improvement holds as we scale

the embedding dimension, though the scaling behavior follows an

increasing trend since we switched from contrastive entropy to

ranking metrics. As expected from using discrete measures, the

scaling behavior is not as smooth as depicted by contrastive entropy.

This can be explained by the difference between the measurement

objective of contrastive entropy and metrics such as R@1000 and

RR@10. While ranking metrics evaluate the order of retrieved doc-

uments, they do not consider performance improvement beyond

their cutoff point (10 for reciprocal rank and 1000 for recall in our
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setting), and they do not pick up on subtle improvements on docu-

ment scores that do not alter the ranking order. Interestingly, this

effect is especially evident when comparing the results in terms of

RR@10 and R@1000. Reciprocal rank is inherently more restrictive

in measuring retrieval performance here as it depends solely on

the rank of the first relevant document and is capped at a cutoff

of 10. In contrast, R@1000 accounts for all relevant documents re-

trieved within a substantially larger cutoff, allowing it to capture

performance gains across a wider portion of the ranking. Con-

sequently, the scaling trend with embedding dimension is more

clearly reflected in R@1000 than in RR@10.

4.5 Cost Aware Embedding Dimension Selection
A useful application of our joint scaling law is that we can find the

optimal trade-off between model size and embedding dimension at

various compute budgets. In this section, we study the end-to-end

trade-off between model capacity and retrieval cost under a fixed

per-query FLOPs budget. Concretely, for each query we (i) run the

encoder to produce a query embedding and (ii) score that embed-

ding against a corpus of𝑀 precomputed document vectors. Let 𝐵 de-

note the total FLOPs budget per query,𝑇 the query sequence length

(tokens), 𝑁 the number of model parameters, and 𝐷 the embedding

dimension. Following standard inference-cost approximations, we

model the query-encoding cost as 𝐶enc (𝑁,𝑇 ) ≈ 2𝑁𝑇 FLOPs, and

scoring as 𝐶score (𝑀,𝐷) FLOPs (counting one multiply-add per di-

mension per scored document). We enforce the compute budget

𝐶enc +𝐶score ≤ 𝐵 by sweeping an allocation parameter 𝛾 ∈ (0, 1)
that splits compute between encoding and scoring: 𝐶enc = 𝛾𝐵

and 𝐶score = (1 − 𝛾)𝐵, and then selecting the configuration that

minimizes the predicted contrastive entropy under our fitted joint

scaling law 𝐿̂(𝐷, 𝑁 ):
𝛾 ∈ arg min

𝛾 ∈ (0,1)
𝐿̂(𝐷 (𝛾), 𝑁 (𝛾)), (𝑁̂ , 𝐷̂) = (𝑁 (𝛾), 𝐷 (𝛾)) .

Exhaustive scoring. For exhaustive (brute force) scoring over the

full corpus, we use 𝐶score (𝑀,𝐷) ≈ 2𝑀𝐷 . Under the 𝛾-split, this

yields

𝑁 (𝛾) = 𝛾𝐵

2𝑇
and 𝐷 (𝛾) = (1 − 𝛾)𝐵

2𝑀
.

ANN-style scoring. If approximate nearest neighbor (ANN) search

is used, 𝑀 can be replaced by an index-dependent proxy for the

expected number of inner products evaluated per query. As a simple

illustrative approximation, we can model the scoring cost as

𝐶score (𝑀,𝐷) ≈ 2𝐷 log(𝑀),
which corresponds to evaluating a logarithmic number of candidate

comparisons in 𝑀 (up to method- and implementation-specific

constants). Under the 𝛾-split, this gives

𝑁 (𝛾) = 𝛾𝐵

2𝑇
and 𝐷 (𝛾) = (1 − 𝛾)𝐵

2 log(𝑀) .
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7.

To keep this analysis tractable, we make some simplifying as-

sumptions. First, we do not account for the projection to the final

embedding dimension 𝐷 in the encoding FLOPs 𝐶𝑒𝑛𝑐 . With that

said, for most optimal setups the embedding dimension projection

would be a very minor part of the overall encoding. We also assume

ANN scoring would produce similar retrieval results to the exhaus-

tive scoring. Although this is generally never completely true, in

many use cases approximate approaches can be highly competitive

with exhaustive approaches [30].

The results of the optimal embedding size and model size, with

𝑀 = {105, 106, 107} and 𝑇 = 32, can be seen in Figure 7. We use the

joint scaling law parameters fit on BERT using TREC DL Combined.

The results show that across corpus sizes there is a clear pattern

that for optimal FLOP allocation both model size and embedding

dimension should be increased jointly. Intuitively, this makes sense

as both axes, embedding dimension and model size, have diminish-

ing returns as they are scaled so it is sensible the optimal approach

scales both proportionally. We also see that for larger collections

(i.e. larger values of𝑀) the optimal embedding is smaller to account

for the additional cost of scoring more documents.

Figure 8 shows the impact of varying the embedding dimension

on the predicted contrastive entropy for different inference FLOP
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budgets. We use the joint scaling law parameters fit on BERT us-

ing TREC DL Combined. We observe that at low embedding
dimensions, contrastive entropy is high because the embed-
ding dimension is a bottleneck. As embedding dimension
decreases so does the contrastive entropy until an inflection
point where the contrastive entropy rapidly increases. This
inflection point represent the optimal embedding dimension
for a given FLOP budget. After that point, the scoring becomes

too expensive due to the embedding size and takes away from the

FLOPs budget allocated to model size, which results in the sud-

den increase in contrastive entropy. The dashed lines represent the

same setup as the solid lines but with approximate nearest neigh-

bor scoring which we assume requires only 𝑙𝑜𝑔(𝑀) inner-products.
In the approximate setup, we can see that the optimal embedding

dimension is far higher than with exhaustive retrieval, in fact the in-

flection point is not even visible on the graph. This means that with

ANN scoring it is possible to substantially improve performance

with the same FLOPs budget, this is especially true when using

smaller budgets. This insight might make a more efficient, but
less effective, ANN approach paired with a larger embedding
dimension preferable to the more conventional approach of
using an embedding dimension inherited from the hidden
state size with a high quality ANN approach.

Our preliminary analysis is only the first step in applying the

joint scaling laws we derived to inform dense retrieval modeling

choices. Even with just this preliminary analysis, we have found

interesting patterns and design guidelines for future developers

of dense retrieval models. We believe that our scaling laws will

be instrumental in scaling dense retrieval for the demanding new

tasks of the future.

5 Conclusion
In this work, we presented a comprehensive empirical analysis of

the relationship between embedding dimension and dense retrieval

performance. By treating embedding dimension as an indepen-

dent scaling axis rather than a static byproduct of the encoder

architecture, we demonstrated that retrieval effectiveness follows a

predictable power law as dimensionality increases. We validated

this finding across two distinct model families, BERT and Ettin, and

derived a joint scaling law that unifies model size and embedding

dimension into a single predictive framework.

Our results offer critical insights for the design of efficient re-

trieval systems. We found that while increasing embedding dimen-

sion generally improves performance, it does so with diminishing

returns. Crucially, our cost-aware analysis reveals that the stan-

dard practice of using the encoder’s native hidden size is rarely

optimal. In many resource-constrained scenarios, utilizing a larger

model with a projected, smaller embedding dimension yields su-

perior retrieval quality compared to a smaller model with a larger

embedding. Furthermore, we showed that when coupled with ap-

proximate nearest neighbor search, scaling embedding dimensions

beyond the native hidden size can offer significant performance

gains for a fixed compute budget.

While our scaling laws hold strongly for tasks aligned with the

training distribution, our evaluation on out-of-domain collections

suggests that scaling behavior becomes less predictable when gen-

eralization is required, particularly for models trained with knowl-

edge distillation. This highlights the importance of aligning model

capacity with the complexity of the target retrieval task.

There are many avenues for future work in this area. A natural

extension of this study is to investigate scaling laws for sparse

embeddings, specifically analyzing the interplay between high-

dimensional sparse representations and their sparsity ratios. Addi-

tionally, further research is needed to develop training objectives

that encourage models to more uniformly utilize the geometric

capacity of their embedding space, ensuring that every added di-

mension contributes meaningfully to retrieval effectiveness. We

hope that the scaling laws and design guidelines presented in this

work serve as a foundation for building the next generation of

effective and efficient neural retrieval systems.
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