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Abstract

To discover the weaknesses of LLMs, re-
searchers often embed prompts into a vector
space and cluster them to extract insightful
patterns. However, vector embeddings pri-
marily capture topical similarity; as a result,
prompts that share a topic but differ in speci-
ficity, and consequently in difficulty, are of-
ten represented similarly, making fine-grained
weakness analysis difficult. To address this
limitation, we propose PROMPT2BOX, which
embeds prompts into a box embedding space
using a trained encoder. The encoder, trained
on existing and synthesized datasets, outputs
box embeddings that capture not only seman-
tic similarity but also specificity relations be-
tween prompts (e.g., “writing an adventure
story” is more specific than “writing a story”).
We further develop a novel dimension reduc-
tion technique for box embeddings to facilitate
dataset visualization and comparison. Our ex-
periments demonstrate that box embeddings
consistently capture prompt specificity bet-
ter than vector baselines and achieve 45% er-
ror reduction on average in predicting speci-
ficity compared to the prompt length base-
line. On the downstream task of creating hi-
erarchical clustering trees for 17 LLMs from
the UltraFeedback dataset, PROMPT2BOX can
identify 13.5% more LLM weaknesses than
vector baselines and achieves an approxi-
mately 33% stronger correlation between hi-
erarchical depth and instruction specificity.
The code is available at https://github.
com/zawedcvg/box_embeddings.

1 Introduction

For large language model (LLM) developers, it is
crucial to identify an LLM’s weaknesses to guide
the next round of collection of additional high-
quality training data. When developers observe
a bad response from an LLM to a prompt, there

*The work was primarily done while both authors were at
UMass Amherst.
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Figure 1: Comparison between the widely-used vector
representation in (i) and our box representation in (ii) for
analyzing the performance of an LLM on four prompts.
Blue means that the LLM achieves a high performance
on the prompt while red means the opposite. Our ap-
proach correctly highlights "writing robot-adventure
stories" as a weakness of the LLM by clustering prompt
A and B. In (iii), we visualize the scores of LLama-2-
13b-Chat’s responses versus specificity estimates based
on length and box volume

are two main possible causes: 1) the LLM has a
weakness in that area or topic, or 2) the prompt
itself is very specific, which makes LLM unable to
extrapolate from its training data. This induces two
challenging questions: 1) how to discover those
weakness topics, and 2) how to measure specificity.

Several prior works (Jiang et al., 2024; Tamkin
et al., 2024; Zeng et al., 2025; Tian et al., 2025)
address the first challenge by embedding every
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prompt into a vector and hierarchically clustering
the prompts based on vector similarity. By ana-
lyzing performance differences across these clus-
ters in a two-dimensional projection of the em-
bedding space, LLM developers can diagnose sys-
tematic weaknesses relative to competing models.
However, the vector-based methods rely on the as-
sumption that LLMs perform similarly for similar
prompts, without accounting prompt specificity or
difficulty. Consequently, vectors can group two
prompts that are topically similar but have differ-
ent levels of difficulty together. Ignoring prompt
specificity loses an entire mode of failure, mak-
ing it difficult to attribute the actual reason of a
weakness.

Recent studies (Sun et al., 2024; Atmakuru et al.,
2024; Lu et al., 2025; Jaroslawicz et al., 2025;
Zhang et al., 2025b) demonstrate that adding con-
straints to a prompt reduces the solution space,
making the prompt more specific and more dif-
ficult for an LLM to answer.1 However, there is
no standard method to measure prompt specificity.
Although the simple length baseline often highly
correlates with specificity, Li and Nenkova (2015);
Gao et al. (2019); Kapur et al. (2026) show that
there is usually room of improvements in each par-
ticular application.

Figure 1 (i) illustrates a limitation of vector-
based methods. Prompt A is semantically similar to
prompt D, but considerably more specific. In a hi-
erarchical clustering based on vector embeddings,
the low score of A drags down the average score of
the cluster containing both A and D, causing that
cluster to be flagged as a weakness of the LLM.
However, this conclusion is misleading: since the
cluster broadly captures the ability to "write a ro-
mantic story", the high score of D already demon-
strates that the LLM is competent at this general
task. The poor performance on A reflects a failure
on a more specific variant instead of the broader
capability that the cluster represents. This example
underscores a key limitation of relying solely on
vector similarity for LLM weakness analysis.

To address this problem, we propose
PROMPT2BOX, which embeds each prompt
into a high-dimensional box embedding space.
Unlike vector embeddings, box embeddings (Vilnis
et al., 2018) can naturally represent asymmetric
semantic relationships like entailment, making

1Notice that we do not consider the under-specified
prompts as in Kim (2025); Zi et al. (2025).

them well-suited for modeling hierarchical struc-
ture among prompts. Conceptually, each textual
prompt is represented by a box parameterized by a
center vector and a size vector. The center vector
captures the semantic location of the prompt, such
that semantically similar prompts are mapped
to nearby centers. The size vector controls the
semantic scope of the prompt: more general
prompts are represented by larger boxes, while
more specific prompts correspond to smaller boxes.
This geometry allows entailment relationships to
be expressed through box containment.

Specifically, if the box of one prompt is con-
tained within the box of another prompt, we inter-
pret this as an entailment relation, where the more
specific prompt entails the more general one. For
example, in Figure 1 (ii), box A is almost entirely
contained within box D, reflecting that the prompt
“writing a romantic adventure story” (prompt A)
semantically entails the more general prompt “writ-
ing a romantic story” (prompt D).

The box of a prompt can also be interpreted as
the space of its valid responses. In this interpreta-
tion, strong performance for a prompt implies the
existence of a high-quality response in this solution
space that can be produced by this LLM. For exam-
ple, the LLM does worse on prompts A and B than
for prompt D, which suggests that the LLM is not
good at “writing an adventure story about a robot”,
especially when the adventure involves some ro-
mantic elements, but this LLM is probably good at
writing other kinds of romantic stories. Our box
representation demonstrates that the weakness of
the LLM lies in the region of box A and B. Vectors,
on the other hand, cannot support such conclusions
because of their lack of specificity information.

To discover the entailment structure among
prompts, we leverage existing entailment datasets
and synthesize entailment relations between
prompts. Next, we train an encoder to map ev-
ery prompt into a box. Furthermore, we propose a
new dimension reduction method and a new hierar-
chical clustering method for box embeddings. Our
experiments show that our box embeddings predict
the entailment relations much better than the vector
baselines, which allows us to better analyze the
weaknesses of LLMs through a 2D box embedding
space and our specificity-aware hierarchical cluster-
ing method. Furthermore, even though the model is
never trained to predict specificity of a prompt, we
find that the box volume is a better specificity esti-
mator than the length of the prompt. Figure 1 (iii)
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shows that LLM scores are much more correlated
with box volume than prompt lengths.

MAIN CONTRIBUTIONS

• We propose PROMPT2BOX, which uses a box
embedding-based representation to capture
the entailment relation among prompts. We
also propose novel methods to synthesize en-
tailment datasets for training an encoder that
maps each LLM prompt to a box embedding.

• We propose BOX-SNE, a novel
dimensionality-reduction method for
box embeddings, and a new hierarchical
clustering algorithm for box embeddings.

• We propose new evaluation metrics to as-
sess similarity, entailment, and specificity
in prompt representations. The experi-
ments demonstrate large improvements of
PROMPT2BOX over strong baselines and how
box embeddings can be used to analyze LLMs
and LLM evaluation benchmarks.

2 Related Work

Box embeddings (Vilnis et al., 2018), a form of
region-based embeddings, have been shown to out-
perform other region-based representations such
as Order Embeddings (Vendrov et al., 2016) and
Poincaré Embeddings (Nickel and Kiela, 2017a) in
modeling asymmetric relationships (Boratko et al.,
2021b). Box embeddings have been successfully
applied to model hierarchical and structured se-
mantic relationships across multiple domains. In
computer vision, Daroya et al. (2024) used box em-
beddings to represent task-level hierarchies. In the
context of knowledge bases, box embeddings ef-
fectively capture hierarchical graph structures such
as WordNet (Patel et al., 2020; Dasgupta et al.,
2021) and OWL ontologies (Jackermeier et al.,
2024). Furthermore, Ren et al. (2020); Dasgupta
et al. (2021) introduce box-embedding-based for-
mulations for knowledge graph query answering,
where the logical structure of a query is directly
encoded in the embedding space. As far as we
know, no prior work uses box embeddings to ana-
lyze prompts or LLMs’ weaknesses.

As identifying LLMs’ weaknesses has become
increasingly important, more and more bench-
mark/prompt analysis methods are being proposed.
Examples include Clio (Tamkin et al., 2024), Skill-
Verse (Tian et al., 2025), and EvalTree (Zeng et al.,
2025). Moreover, many recent studies leverage

LLMs to discover taxonomy and categories from a
corpus (Hsu et al., 2024; Tian et al., 2024; Zhang
et al., 2025a; Kargupta et al., 2025; Zhong et al.,
2025; Gao et al., 2025; Chirkova et al., 2025). Al-
though different papers use different clustering
methods or leverage LLMs in different ways, most
of them conduct (hierarchical) clustering based on
the vector embedding space. Our paper discov-
ers that boxes perform better than vectors in terms
of identifying LLM weakness clusters, and thus
can potentially improve over the aforementioned
related works.

3 Method

We first introduce our definition of entailment be-
tween prompts and establish the connection among
constraint space, entailment, and solution space in
Section 3.1. We describe the methods of optimiz-
ing our encoder in Section 3.2. Finally, Section 3.3
explains how the training data are curated. We
expand on how we parameterize box embeddings
and compute the intersection size and entailment
probability in Appendix B.

3.1 Definition of Terms

Let X denote the space of instructions. In this
paper, we focus on modeling both prompt similar-
ity and prompt specificity, which we define as the
number of constraints, both implicit and explicit,
present in the instruction.

This notion of specificity closely mirrors the tra-
ditional logical concept of entailment. Recall that
for any two statements c and d, if c entails d (writ-
ten c |= d), then whenever c is true, d must also be
true. In other words, c imposes a stronger condi-
tion than d; it is more specific. One can thus view
specificity as a specialisation of entailment to the
space X .

For a pair of prompts a, b ∈ X , if a contains
more constraints than b, then any valid solution to
a must satisfy a stricter set of conditions. Conse-
quently, the set of valid solutions for a is smaller
than that for b. This perspective offers an expla-
nation for the empirically observed degradation in
LLM performance as the number of constraints2

increases (Jiang et al., 2024; Atmakuru et al., 2024).
As constraints accumulate, the valid solution space
contracts, increasing task difficulty by requiring
the model to generate responses from a progres-
sively smaller region of admissible outputs. Conse-

2Note that we only consider non-redundant constraints
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Figure 2: Illustration of our encoder training method. White ⇒ means entailment and
⊗

means intersection. (a) An
encoder is trained to take a prompt and output a box. Our loss function encourages its output box to overlap with
the box of its corresponding response and to be contained by the box of the prompt it entails. (b) We use Infinity
Instruct to encourage similar prompts to intersect with each other, and use WildChat, MNLI, and SURI to create
positive and negative examples for learning entailment relationships between prompts.

quently, failures under highly constrained prompts
expose systematic weaknesses in an LLM’s ability
to jointly satisfy multiple interacting constraints.

3.2 Optimization

SIMILARITY AND ENTAILMENT FOR BOXES:
Let the box representations of a and b be defined
with Box(a) and Box(b). We define the volume of
Box(a) as Vol(a). We model prompt similarity as
the volume of the intersection between their boxes,
i.e., VolInt(a,b) = Vol(Box(a) ∩ Box(b)).

Entailment score is defined as the conditional
probability

p(b | a) := VolInt(a, b)

Vol(Box(a))
(1)

By construction, p(b | a) = 1 when a fully
entails b, and p(b | a) < 1 otherwise, providing a
principled measure of prompt entailment.

LEARNABLE PARAMETERS. For each prompt a,
the box embedding is parameterized by a center
vector acenter ∈ RD and a width vector aδ ∈ RD

+ .
These parameters are produced by passing the
prompt embedding from a Sentence Transformer
through two separate MLP heads. The Sentence
Transformer and both MLPs are trained jointly.3

GUMBEL BOX FORMULATION: Optimizing ob-
jectives involving hard min and max operators is
challenging due to their non-differentiability (Li
et al., 2019; Dasgupta et al., 2020; Boratko et al.,
2021a). We adopt the Gumbel Box formulation
(Dasgupta et al., 2020), which replaces hard in-
terval endpoints with Gumbel-distributed random

3MLP leads to a 2% increase in the number of parameters
over the baselines.

variables and yields smooth, differentiable approxi-
mations to box intersection and containment. We
present more details of the method in Appendix
B.1.

CONTRASTIVE TRAINING OBJECTIVE. We train
the model using contrastive learning objectives for
both prompt similarity and entailment. Positive and
negative prompt pairs are constructed for symmet-
ric similarity and asymmetric entailment relations
as shown in Figure 2. We provide training details
in the Appendix C.

3.3 Data Curation

Finding sufficient entailment data to train a box
encoder is a very challenging task, which limits the
adoption of box representation. Fortunately, the
high accuracy and flexibility of recent LLMs make
synthesizing entailment data at large scale feasible.
Figure 2 illustrates how we use synthesized and ex-
isting entailment datasets to train our box encoder
and we will describe the curation steps for each
dataset below.

SEMANTIC RELEVANCE: To capture relevance,
we gather instruction response pairs from Infinity
Instruct (Li et al., 2025) and retain only the En-
glish samples. Our contrastive learning encourages
similar prompts to overlap with each other by maxi-
mizing the intersection (i.e., VolInt(a,b)) between
the box of a prompt and the box of its response,
while penalizing the other negatively sampled in-
tersections (Mikolov et al., 2013).

ENTAILMENT DATA FROM MULTINLI:
We leverage MultiNLI (Williams et al., 2018),

which contains sentence pairs labeled as entailment,
contradiction, or neutral. We apply a preprocessing
step to transform these pairs into triplets of (an-
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chor, positive, negative) for contrastive learning.
For each anchor sentence, the entailed hypothesis
serves as the positive example, while hypotheses
labeled as neutral or contradiction are used as neg-
ative examples, as they do not express an entail-
ment relationship. This dataset allows the model
to learn sentence-level entailment relationships be-
tween text pairs.

SYNTHESIZED HIERARCHY FROM WILDCHAT:
To learn the entailment relation among instructions,
we synthesize hierarchical instructions on Wild-
Chat (Zhao et al., 2024). Specifically, we prompt
OpenAI’s GPT-4.1 to iteratively rewrite each in-
struction in WildChat into progressively more gen-
eral forms, producing a hierarchy spanning multi-
ple levels of specificity. We obtain 20K hierarchical
instruction groups, each containing 4-10 levels.

SIBLING RELATIONSHIPS FROM SURI: While
the previous datasets teach direct parent-child rela-
tionships, they do not capture sibling relationships,
cases where two instructions share a common par-
ent but differ in their specific constraints, and thus
do not entail one another. To address this, we lever-
age SURI (Pham et al., 2024). Each datapoint in
SURI consists of a main goal summarizing the orig-
inal text, accompanied by approximately ten con-
straints covering stylistic and semantic elements.
We construct instruction trees by combining the
main goal with various subsets of constraints. In-
structions sharing the same parent but with differ-
ent constraint combinations are treated as sibling
nodes and used as hard negatives in our contrastive
learning objective. This teaches the model to dis-
tinguish between related but non-entailing instruc-
tions.

DATASET ENTAILMENT LINKAGE: After ini-
tially training with the above datasets, we observed
that while the model performed well on entailment-
based metrics, it exhibited a noticeable drop in
semantic relevance. We hypothesize that the ob-
jectives associated with the different datasets are
learnt separately, leading to a disconnect in the
embedding space. To mitigate this issue, we ex-
plicitly connect Infinity Instruct to our synthesized
hierarchical dataset using WildChat (Zhao et al.,
2024). For each sampled query prompt from In-
finity Instruct, we use MPNet-Base (Song et al.,
2020) model to retrieve similar prompts from Wild-
Chat. We then ask GPT-4.1 to find the most specific
synthesized prompt entailed by the query prompt.

The aim of this linkage is to force the model to
learn a shared representation across the different
objectives.

4 Embedding Space Evaluation

We initialize both the box-embedding model and
the vector-based baseline from MPNet-base (Song
et al., 2020). Because vector embeddings cannot
naturally represent entailment or partial orders, we
treat all entailment relations as similarity for the de-
fault vector baseline. Concretely, instruction pairs
that exhibit entailment are encouraged to have high
cosine similarity, without imposing any directional
or containment structure.

In contrast, the box model explicitly sepa-
rates these notions: similarity is modeled via
Eq. (12), while entailment is captured through the
containment-based objective in Eq. (13).

Our training set comprises 203,138 samples
drawn from the different sources with the follow-
ing distribution: prompt-response pairs from Infin-
ity Instruct (50K), SURI-based entailment dataset
(50K), Synthetic hierarchical instructions from
WildChat (50K), MNLI triplets (50K), and the link-
age dataset (3,138).

For ablation, we additionally train box models
without the linkage dataset (w/o links), as well as
both box and vector models without the entailment
datasets (w/o entails) (i.e., trained only on pairs
from Infinity Instruct). To evaluate the effect of
synthetic data, we also include a model trained
without linkage dataset and hierarchical instruc-
tions from WildChat (w/o synth).

To compare against other embedding methods
capable of modeling asymmetry, we include a
model trained using the CSDelta metric (Chang
et al., 2018) as well as a hyperbolic embedding
model based on squared Lorentzian distance (Law
et al., 2019). Further implementation and training
details are provided in the Appendix C.

4.1 Evaluation Metrics

We evaluate the training process using two com-
plementary metrics: a semantic similarity metric
derived from STS-B (Cer et al., 2017) and an en-
tailment metric computed on a held-out subset of
the SURI dataset. Full results are reported in the
appendix.

RETRIEVAL WITH FOLLOWBENCH: To evaluate
a model’s ability to retrieve more specific yet rele-
vant instructions, we leverage FollowBench (Jiang
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et al., 2024), which consists of instruction groups
organized by increasing constraint levels. Given
a query at level L, the model is tasked to retrieve
another query from the same semantic group but
L′ > L. Success requires the model to correctly
prompts that are both semantically similar and also
more specific. We evaluate on 688 queries.

SCORE PREDICTION ON ULTRAFEEDBACK: A
good embedding space should put the prompts
that induce similar response scores close to each
other, which allows us to run a kNN (k nearest
neighbor) regressor on the embedding space to
predict the response scores of unseen prompts. We
compare the regressor performance using different
embedding spaces on the UltraFeedback (Cui et al.,
2024) dataset, which contains instructions paired
with responses from 17 LLMs and associated
quality scores. We split each set of scores and
responses into a 70/30 retrieval–test corpus split.

For each test instruction, we retrieve the top-5
corpus examples and predict the response score of
the test prompt by averaging the scores from the
training corpus, reporting root mean squared error
(RMSE) against the gold score.

4.2 Results

RETRIEVAL FOLLOWBENCH: From Table 1 we
see that in general, the box variants perform bet-
ter at retrieving children prompts than all the other
embedding models, which means box embeddings
are more effective at modeling entailment. Box is
better than Box w/o synth. Furthermore, Box wins
over Box w/o entail and Box w/o entail is better
than Vector w/o entail. This suggests that the gains
in entailment performance stem from two comple-
mentary factors: (1) the synthesized entailment
training data, and (2) the representational capacity
and inductive bias of box embeddings.

SCORE PREDICTION METRICS: In Table 1 the
lowest RMSE comes from the box based models,
which suggests the specificity encoded by box vol-
ume correlates with the difficulty of the prompts.
Hyperbolic and CSDelta achieve similar results
when compared with the Vector baseline.

These gains are achieved with essentially the
same setup as the baselines, aside from a minor
∼2% increase in parameters, which is insufficient
to explain the performance gap, suggesting that
the improvements stem from the representational
advantages of box embeddings.

Although the Box w/o links achieves the

Model FollowBench UltraFeedback

Accuracy↑ Avg. RMSE↓ Improv. (%)↑

Random — 1.8293 0.0
Hyperbolic 0.659 1.6260 11.11
CSDelta 0.012 1.5955 12.80
Vector 0.640 1.6059 12.21
Vector w/o entail 0.627 1.5605 14.71
Box w/o entail 0.687 1.5610 14.67
Box w/o links 0.775 1.4777 19.22
Box w/o synth 0.716 1.5280 16.47
Box 0.738 1.5280 16.47

Table 1: FollowBench accuracy and UltraFeedback
score prediction performance (Avg. RMSE and its im-
provement over Random across 17 LLMs). Best results
are in bold; second-best in blue.

strongest performances in Table 1 among the box
variants, Table 4 in Appendix D shows that this
comes at the cost of reduced semantic similar-
ity performance. By incorporating link data, Box
achieves a better balance between entailment mod-
eling and semantic similarity, which not only is
important for visualization in Section 5 but also
improves downstream applications such as hierar-
chical clustering in Section 6 and specificity esti-
mation in Section 7.

5 Box Visualization and Analysis

We train high-dimensional box embeddings to cap-
ture complex entailment structure among prompts.
However, to analyze LLM weaknesses visually,
like in Figure 1, we need to reduce the embed-
dings to low-dimensional embedding space. Since
no existing dimensionality reduction method is de-
signed for box embeddings, we propose BOX-SNE
(see Appendix E for details). In this section, we
present two applications demonstrating how our
box embeddings can be used to analyze prompts
and find LLM weaknesses. The interactive visual-
ization can be viewed at https://zawedcvg.
github.io/P2B/visualisation.html.

5.1 Comparing Different Datasets
We first visualize 150 random examples from each
of three datasets: WildChat, UltraFeedback, and
WildBench (Lin et al., 2026). WildBench is a cu-
rated subset of WildChat, constructed to contain
more challenging and more specific prompts. From
Figure 3, the box-based visualization on the right
makes this distinction explicit; WildBench exam-
ples are consistently represented by smaller boxes,
indicating higher specificity, compared to those
from WildChat and UltraFeedback. In contrast, the
vector-based visualization baseline on the left fails
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Figure 3: Comparison between our box-based visual-
ization (right) and a t-SNE visualization of the vector
baseline (left).

Multilingual 
Prompts

Weakness in highly specific 
prompts persists

List ways to automate stream

Write in C language, the client side of a 
..... protocol for detecting errors in the 
data transfer

Figure 4: Comparison of LLMs’ performance in 2D
box embedding space. LLM performs better in the blue
regions than in the red regions.

to clearly distinguish the datasets, making such
insights difficult to discern.

5.2 Comparing Model Performance

Next, we compare visualizations for LLaMA-2-
7B and LLaMA-2-70B to examine how box-based
representations reveal both the benefits and lim-
its of scaling. As shown in Figure 4, increasing
model size reduces low-scoring (red) regions and
improves performance across much of the space, as
scaling laws (Kaplan et al., 2020) suggests. How-
ever, the upper region, corresponding mainly to
multilingual prompts (black box), remains dom-
inated by low scores. Interestingly, within the
largely high-performing (blue) regions of the larger
model, we observe small, dispersed red boxes
(green outline) indicating failures on highly spe-
cific prompts. Some of these failure regions exist in
the smaller model. This indicates that scaling does
not uniformly eliminate fine-grained weaknesses:
certain specific prompts remain challenging.

6 Hierarchical Clustering

Hierarchical clustering of prompts enables evalu-
ators to identify LLM weaknesses at multiple lev-
els of abstraction, from broad skill categories to
specific sub-skills. Section 4 shows that box em-
bedding is better at putting the prompts with en-
tailment relationship or with similar score close
to each other. Next, we investigate if this ability
translates to creating better clusters for discover-
ing LLMs’ weaknesses. Directly evaluating such
clusters with human experts is difficult due to the
cost, required expertise, and the need to maintain
a consistent evaluation setup across many models
and clusters. A comprehensive human evaluation
of this kind is therefore beyond the scope of this
paper. We instead use a set of well-defined proxy
metrics to assess how effectively different cluster-
ing methods isolate regions of model weakness.

To group the smaller boxes that have an entail-
ment relation at the lower levels, we propose a new
hierarchical clustering method that always merges
the two boxes with the smallest resulting box first
(see Appendix F for details) and compare it with
the classic Ward linkage (Ward Jr, 1963) on the
vector space.

Since there is no existing ground-truth prompt
hierarchical structure, we compare box-based
and vector hierarchical clusters using the fol-
lowing three metrics: (i) consistency of model
scores within local neighborhoods, (ii) correla-
tion between depth and instruction specificity, and
(iii) ability to discover model weakness clusters.

6.1 Local Score Consistency

A well-formed hierarchical clustering should place
semantically similar prompts under the same par-
ent node. This is desirable because similar prompts
tend to elicit similar LLM responses, leading to
similar scores. Thus, if semantically dissimilar
prompts are grouped together, their scores may
vary widely, rendering the cluster average unrepre-
sentative and obscuring true weaknesses (e.g., the
A–D cluster in Figure 1).

We measure this property by computing the aver-
age absolute score difference between neighboring
leaf nodes, where neighbors are defined as prompts
sharing the same immediate parent in the hierarchy.

As a random baseline, we assign each prompt
a randomly sampled neighbor from the set of 500
prompts and compute the score differences. The
results in Table 2 show that box achieves a 38%
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Metric Rand. Vec. Box w/o links Box w/o synth Box

Loc. Score Cons. 0.0% 9.32% 13.24% 10.34% 12.88%
Spec.–Depth Agr. 50.00% 52.71% 67.07% 66.03% 68.34%
All Size Weakness – 0.0% 2.85% 5.94% 7.70%
AUC – 0.0% 7.81% 10.95% 13.47%

Table 2: Comparison across weakness discovery, LLM
agreement, and score improvement metrics.

relative improvement compared with the vector
baseline (i.e., 12.88%−9.32%

9.32% ).

6.2 Specificity Ordering Accuracy
Next, we evaluate how well hierarchical depth
aligns with instruction specificity using LLM-as-
a-judge. We select 500 instructions with available
LLaMA-2-13B-Chat responses to limit LLM in-
ference cost. Because direct comparisons between
arbitrary instructions are ambiguous, we only select
pairs of similar prompts. Exact evaluation details
are provided in Appendix F.1.

Table 2 shows that vector-based hierarchies per-
form almost the same as the random baseline, while
box-based hierarchies achieve over 68% specificity
accuracy, a 33% relative improvement over both
baselines, demonstrating that box-induced hierar-
chies effectively capture instruction specificity. We
also include a human study in the Appendix F.2 to
validate the LLM-as-a-judge metric and confirm
our conclusion.

6.3 Cluster Weakness Containment
Finally, we evaluate how well the clustering algo-
rithm can identify and isolate "model weaknesses".
We define a weakness as an instruction cluster for
which the model’s average score lies at or below
the 25th percentile. The underlying assumption
is that a good clustering algorithm will be able to
accurately group the low-score prompts into a large
cluster. Mixing unrelated instructions will "dilute"
the weaknesses and thus lead to an inflation of av-
erage scores.

To detect this effect, we compute the number of
weakness clusters as

#W
R25%
ts = |{w | S(w) ≤ R25% and |w| ≥ ts}| ,

where |w| denotes the size of cluster w, ts is the
minimum cluster size threshold, S(w) is the av-
erage score of cluster w, and R25% is the closest
integer score below the 25th percentile.

We report #W
R25%
2 (i.e., All Size Weak-

ness) in Table 2, and the aggregate measure∑
ts>1#W

R25%
ts , which corresponds to the area

UltraFeedback LMSYS

System RMSE Impr. Line Cov. Impr. RMSE Impr. Line Cov. Impr.

Length 0.0% 0% 0.0% 0%
Box w/o links 44.3% 83% 14.8% 10%
Box w/o synth 39.8% 113% 9.4% 72%
Box 45.3% 113.5% 18.3% 71%

Table 3: Ablation results across 16 LLMs on UltraFeed-
back and 16 LLMs on LMSYS. The numbers of boxes
are relative improvement to the length baseline.

under the curve (AUC) of weakness cluster counts
across different size thresholds, in Table 8 and Fig-
ures 5 to 7. The overall percentage improvements
are summarized in Table 2.

Table 2 shows that hierarchical clustering based
on box embeddings identifies a greater number of
weakness clusters. When considering the AUC
across all cluster sizes, the improvement increases
to 13.47%, indicating that box embeddings can
capture more and larger weakness clusters.

7 Specificity Estimation

As the prompt becomes more specific, the average
score of LLMs’ responses should decrease. We
measure how well the learned box volume models
specificity. We use prompt length as a baseline as
it has been shown as a strong baseline in model-
ing specificity (Li and Nenkova, 2015; Gao et al.,
2019; Kapur et al., 2026). We thus plot the scores
in UltraFeedback and LMSYS-Chat-1M (See Ap-
pendix G for more details) against log(length) in
Figure 8 and against log(box volume) in Figure 9.
To estimate the average score in the curve, we use
kernel density estimation (KDE), whose bandwidth
is decided by using Silverman’s rule-of-thumb (Sil-
verman, 2018). In these figures, the LLMs’ scores
often saturate for very specific or very general
prompts, so we use the sigmoid function to fit the
curves. Figure 9 shows various saturation patterns
from different LLMs.

A better specificity estimation should have a
smaller RMSE to the fitted sigmoid curve and a
longer linear region (i.e., line coverage) of the
sigmoid function, which demonstrate its ability
of modeling the subtle difficulty differences. Ap-
pendix G describes how the line coverage is mea-
sured. Table 3 shows that Box achieves the highest
improvement over the strong length baseline in Ul-
traFeedback and LMSYS-Chat-1M (Zheng et al.,
2023).
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8 Conclusion

We introduce PROMPT2BOX, a method for em-
bedding prompts into a box embedding space that
jointly captures both semantic similarity and speci-
ficity. Through extensive experiments, we demon-
strate that PROMPT2BOX consistently outperforms
vector-based baselines across multiple metrics for
modeling entailment and predicting the scores of
neighboring prompts.We provide intuitive 2D visu-
alizations that illustrate how box embeddings nat-
urally encode the hierarchical structure of prompt
specificity through geometric containment, offer-
ing insights that vector-based visualizations cannot
capture. Furthermore, we validate the practical
utility of our approach on the hierarchical cluster-
ing, where PROMPT2BOX achieves superior per-
formance across four distinct evaluation metrics.
Finally, measuring prompt specificity using box
volume creates a new analysis dimension for LLMs’
behavior (e.g., we discover that the scores of 16
different LLMs versus specificity forms different
sigmoid functions in UltraFeedback).

9 Limitations

Due to the limited space, we only test 3 applications
of box embedding. Understanding LLMs’ ability
and modeling specificity have many other poten-
tial applications. For example, besides compar-
ing datasets or LLMs with different sizes, we can
also compare LLM judges, or LLMs with different
training stages or hyperparameters. Furthermore,
our prompt specificity/difficulty estimation might
help LLM routing (Guha et al., 2024; Kashani
et al., 2025), evaluation data selection (Zouhar
et al., 2025) and creativity evaluation (Atmakuru
et al., 2024; Lu et al., 2025), prompt safety anal-
ysis (Ayub and Majumdar, 2024), response speci-
ficity estimation (Jiang et al., 2025), LLM inter-
pretability (Shani et al., 2025), and knowledge edit-
ing (Ge et al., 2024). We leave them as our future
work.

Many of our applications experiments rely on
UltraFeedback, which is a very effective dataset for
LLM aligment (Ivison et al., 2024) because many
modern benchmarks only focus on difficult prompts
and it is hard to find the benchmarks containing
prompts with various specificity and lots of LLM
responses and scores.

To ensure our methods work well in general do-
mains, we do not train our methods using Ultra-
Feedback. Nevertheless, the effectiveness of our

approach still depends on the availability of exist-
ing entailment datasets and LLMs’ ability to syn-
thesize the training data, so PROMPT2BOX might
not be as effective in some special domains or lan-
guages with fewer resources.

We observe that the 2D boxes created using
BOX-SNE tend to suffer from overcrowding is-
sues analogous to those encountered in early vector
visualization methods. Developing normalization
or regularization techniques to encourage greater
spatial dispersion remains an open challenge; no-
tably, standard approaches like t-SNE do not di-
rectly apply here, as box volumes are represented
in log-space. Addressing this limitation could fur-
ther improve interpretability.
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A Expansion of Definition of Terms

Let X denote the space of instructions. Let U denote the universe of all possible constraints and we
assume the number of possible constraints |U| is finite. For any instruction x ∈ X , let C : X → 2U be a
mapping from an instruction to the set of constraints it induces, where

C(x) = { c ∈ U | c holds for all valid responses to x }. (2)

Recall that for any two statements g and h, if g entails h (written g |= h), then whenever g is true, h must
also be true. In other words, g imposes a stronger condition than h. When g and h are both prompts,
g |= h means that any solution satisfying g also satisfies h. Formally, constraint inclusion is the same as
entailment between the two prompts:

∀ a, b ∈ X , C(a) ⊇ C(b) ⇐⇒ a |= b. (3)

Furthermore, we say the prompt a is more specific than prompt b if the prompt a has more constraints
(i.e., C(a) ⊃ C(b)). Taking the example present in Figure 1, we have two prompts: g = “Please write
a short story about an adventure of a robot” and h = “Please write a short adventure story.” Since it
is not possible to exhaustively list out the set of all the possible constraints, one can intuitively say that
C(h) ⊂ C(g) if g can be written as h with additional constraint(s). We can thus write g as “Please write
a short adventure story; Make the story about a robot.” We see that C(g) ⊃ C(h) , thus based on the
previous definition: g |= h.

Let Y denote the universe of all possible responses. For any instruction x ∈ X , let S : X → 2Y be
a mapping from a prompt to the set of valid responses that satisfy the constraints imposed by x, where
S(x) ⊆ Y .

Let’s assume we have a pair of prompts a, b ∈ X and a contains more constraints than b. Since any
valid solution to a must satisfy the stricter set of constraints in a, they must also satisfy all the constraints
for b. Further, the set of valid solutions for a is smaller than that for b. Consequently, inclusion in the
constraint space induces reverse inclusion in the solution space:

C(a) ⊇ C(b) =⇒ S(a) ⊆ S(b). (4)

We can prove the other direction of this by:
Assume S(a) ⊆ S(b). Let c ∈ C(b), so c is satisfied by all elements of S(b). Since every element

of S(a) also belongs to S(b), c is satisfied by all elements of S(a) as well, hence c ∈ C(a). Thus
C(b) ⊆ C(a).

So we get
C(a) ⊇ C(b) ⇐⇒ S(a) ⊆ S(b). (5)

As constraints accumulate, the valid solution space contracts, increasing task difficulty by requiring the
model to generate responses from a progressively smaller region of admissible outputs. This perspective
offers an explanation for the empirically observed LLM performance degradation as the number of
constraints increases (Jiang et al., 2024; Tamkin et al., 2024; Zeng et al., 2025; Tian et al., 2025).

A.1 Proof that g |= h =⇒ C(h) ⊆ C(g):
If g and h are a paraphrase, C(h) = C(g). Otherwise, we can prove it by viewing it from the solution
space.

Since g can be decomposed as g ≡ h ∪ k (i.e., g is exactly h with the additional constraint k = “Make
the story about a robot”), any response satisfying g must simultaneously satisfy both h and k. Therefore:

S(g) = {s | s ∈ Y satisfies h and s ∈ Y satisfies k} = S(h) ∩ S(k). (6)

Since S(g) = S(h) ∩ S(k) ⊆ S(h), we have:

S(g) ⊆ S(h). (7)
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By Equation (5), a smaller solution space corresponds to a larger constraint set — formally, for any
a, b ∈ X :

S(a) ⊆ S(b) =⇒ C(b) ⊆ C(a). (8)

Applying this with a = g and b = h, it follows that:

C(h) ⊆ C(g). (9)

B Prompt Representation

Given the importance of specificity, an effective representation must capture both relevance and specificity
between prompts. Traditional vector embeddings represent each prompt as a point in a metric space and
model relationships solely through symmetric distance functions, making them ill-suited for expressing
asymmetric relations such as specificity or constraint inclusion.

Formally, let f : X → RD denote a vector embedding function. Similarity between two prompts a and
b is modeled using a distance function d(f(a), f(b)), which is invariant to direction and therefore cannot
encode partial order relations of the form C(a) ⊃ C(b).

In contrast, box embeddings represent each prompt a ∈ X as an axis-aligned hyper-rectangle in RD.
Formally, for a prompt a, we parameterize its box embedding using a center vector acenter ∈ RD and a
width vector aδ ∈ RD

+ . The lower and upper corners of the box are given by

a⌞ := acenter − aδ, a⌝ := acenter + aδ. (10)

The box embedding for prompt a is therefore defined as the cartesian product of each side of the rectangle:

Box(a) :=

D∏
d=1

[a⌞d, a
⌝
d] = [a⌞1, a

⌝
1]× . . .× [a⌞D, a

⌝
D]. (11)

Let us consider two prompts a, b ∈ X , with corresponding box representations Box(a) and Box(b).
We define the volume of Box(a) as Vol(a) :=

∏D
d=1(a

⌝
d − a⌞d). We first model prompt similarity as the

volume of the intersection between their boxes, i.e., Vol(Box(a) ∩ Box(b)). Since the intersection of two
intervals is determined by the minimum of their upper bounds and the maximum of their lower bounds,
the intersection volume is given by

VolInt(a,b) :=

D∏
d=1

max
(
min(a⌝

d, b
⌝
d)−max(a⌞

d, b
⌞
d), 0

)
(12)

However, similarity alone is insufficient for our purposes. A key motivation for using box embeddings
is their ability to model asymmetric interactions between prompts. In particular, when prompt a entails
prompt b, we expect Box(b) to contain Box(a). In this case, the intersection volume equals the volume of
Box(a), i.e., VolInt(a, b) = Vol(Box(a)).

We therefore define an entailment score as the conditional probability

p(b | a) := VolInt(a, b)

Vol(Box(a))
(13)

By construction, p(b | a) = 1 when a fully entails b, and p(b | a) < 1 otherwise, providing a principled
measure of asymmetric prompt entailment.

B.1 Gumbel Box Specifics
Hard min and max operations are replaced with temperature-controlled log-sum-exp (LSE) operators.
For one-dimensional intervals, the expected intersection length is approximated as

LSEβ

(
LSE−β(x

⌝
1, . . . , x

⌝
N )− LSEβ(x

⌞
1, . . . , x

⌞
N ), 0

)
,

where LSEβ(x) := β log
∑

i exp(xi/β). In higher dimensions, the expected intersection volume is
computed as a product across dimensions. We use this smooth approximation to replace hard volume-
based quantities in the containment and similarity scores. Following (Dasgupta et al., 2020), we use
separate temperature parameters for volume and intersection computations. In all our experiments, we fix
these temperatures to βvol = ⟨1.0⟩ and βint = ⟨0.001⟩.
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C Training Details

We train all models using the Multiple Negatives Ranking Loss (Henderson et al., 2017), combined with
GradCache (Gao et al., 2021) to enable substantially larger effective batch sizes during training. Each
mini-batch contains samples from only a single dataset. Datasets are sampled proportionally to their
relative sizes, while batches are processed using a round-robin scheduling strategy.

We use a learning rate of 2 × 10−5 with a warmup ratio of 0.1. Training is performed primarily on
NVIDIA 2080 Ti GPUs. For box embeddings, we set the volume temperature to 1.0 and the intersection
temperature to 0.001.

C.1 CSDelta
For the model trained using the CSDelta metric, entailment from a to b is defined as cosine similarity
scaled by the difference in vector magnitudes:

p(b | a) = w⊤
a wb

∥wa∥2 ∥wb∥2
· (∥wa∥1 − ∥wb∥1) , (14)

where wa is the vector representation of a and wb is the representation of b. Semantic similarity is
modeled using cosine similarity. The purpose of this metric is to see if vector norms can encode model
entailment.

C.2 Hyperbolic
For the hyperbolic model, we employ two distinct training objectives depending on the relation type.
Let u,v ∈ Hd denote the encodings of prompts a and b in hyperbolic space, and let ∥ · ∥L denote the
Lorentzian norm.

Semantic Similarity. For symmetric similarity relations, we adopt the squared Lorentzian distance of
Law et al. (2019):

ssym(u,v) = −∥u− v∥2L. (15)

Asymmetric entailment. For directed entailment relations, we use a score function adapted from
Equation (8) of Nickel and Kiela (2017b), augmented with a norm-asymmetry penalty:

sasym(u,v) = −
(
1 + α

(
∥u∥2 − ∥v∥2

))
∥u− v∥2L, (16)

where α ≥ 0 is a penalty weight that controls sensitivity to norm asymmetry (set to α = 5.0 in our
experiments).

C.3 WildChat Preprocessing
We first filter the data by retaining only single turn interactions written in English and only include The
instructions to those containing between 8 and 150 words; this range is chosen empirically to exclude
trivial prompts and overly verbose instructions.

To reduce redundancy, we compute sentence embeddings using all-mpnet-base-v2 and remove instruc-
tions with cosine similarity greater than 0.9, eliminating near-duplicate or semantically equivalent prompts.
The remaining instructions are then passed to GPT-4.1 using an in-context learning prompt (shown in
Section H.2), which generates multiple levels of general instructions for each prompt.

D Intrinsic Metrics

D.1 Datasets
D.1.1 Semantic Similarity (STS-B)
Semantic Textual Similarity Benchmark (STS-B), which provides pairs of sentences and a similarity score
associated with each of them. We compute the Spearman correlation between the ground truth similarity
and VolInt(a, b) in (12) for box. For vector baselines, we use cosine similarity.
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Model/Setting STS-B SURI

Metric Spearman Accuracy

Vector 0.835 0.725
Vector w/o entail 0.704 0.539
Box 0.760 0.868
Box w/o entail 0.727 0.640
Box w/o links 0.661 0.924
Box w/o synth 0.756 0.889
Hyperbolic 0.820 0.978
CSDelta 0.757 0.950

Table 4: Performance comparison across STS-B and the SURI validation set. Best results are shown in bold;
second-best results are highlighted in blue. Higher is better.

D.1.2 Held-out SURI Entailment Triplets

We additionally compare models using the validation set of SURI. This evaluates whether representations
correctly rank more specific instructions to being entailed by their general counterparts than unrelated
instructions or more general instructions.

D.2 Results

In Table 4, the vector baseline, which focuses on modeling prompt similarity, unsurprisingly achieves the
strongest performance on STS-B. However, the box embedding model trained all the datasets performs
competitively on STS-B while being much better on SURI. Hyperbolic is better than box in the STSB
baseline.

In SURI, box wins over box w/o entail and box w/o entail is better than vector w/o entail. This suggests
that the gains in entailment performance stem from two complementary factors: (1) the synthesized
entailment training data, and (2) the representational capacity of box embeddings. Interestingly, we also
see a tradeoff between modeling entailment and similarity for the box models trained with and without
links. When link data is removed during training, STS-B performance drops by an additional around 10
absolute points, despite link examples constituting only a about 1.5% of the overall training set.

Interestingly both Hyperbolic and CSDelta outperform box SURI, but lag quite a bit behind on the
followbench metric. The held-out SURI evaluation set is based on triplets, which primarily test whether
a model can make correct distinctions within the pairs in the triplet. In contrast, FollowBench involves
a retrieval-style task and therefore depends more strongly on the global structure of the embedding
space. The difference in performance suggests that CSDelta and Hyperbolic learn a much worse global
entailment structure than Box. As a result, those model lacks sufficient information to reliably distinguish
truly relevant items from unrelated ones.

E BOX-SNE: Our Box Dimension Reduction Method

BOX-SNE is inspired by Stochastic Neighbor Embedding (SNE), with some modifications to incorporate
both intersection-based similarity and entailment signals. The main idea is that we optimize the locations
of the low-dimensional boxes such that the intersection (VolInt(a,b) in (12)) and entailment (p(b | a) in
(13)) relationship of every pair of high-dimensional boxes (a, b) is preserved in the low-dimensional box
embedding space.

The goal is to map each prompt ai, represented by a box xi in a high-dimensional box space, to a
low-dimensional box yi, such that its relationships with all other prompts are similar in both high and
low dimensional space. Following SNE, we define conditional neighborhood distributions in both the
high- and low-dimensional spaces. For a given box relationship function s, the conditional probability psj|i
models the probability that xi selects xj as its neighbor in the high-dimensional space, while qsj|i denotes
the corresponding probability in the low-dimensional space. Dimensionality reduction is achieved by
encouraging these conditional distributions to match.
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Formally, the conditional probabilities are defined as

psj|i =
s(xi, xj)∑
k ̸=i s(xi, xk)

, qsj|i =
s(yi, yj)∑
k ̸=i s(yi, yk)

, (17)

where s(·, ·) is a non-negative box relationship function. In this work, s is instantiated either as VolInt,
the box intersection volume defined in Equation (12), or as BoxEnt, an asymmetric entailment score
defined as

BoxEnt(ai, aj) := p(ai | aj), (18)

where p(ai | aj) is as defined in Equation (13).
We then jointly optimize over the similarity and entailment matrices using a KL-divergence-based

objective, with both matrices backpropagated simultaneously. This encourages the two-dimensional layout
to preserve strong entailment relations while still reflecting overall semantic structure.

The loss function L is given by

L = α · CVolInt + β · CBoxEnt (19)

where Cd is defined by

Cd =
∑
i

∑
j

pdj|i log
pdj|i

qdj|i
(20)

We observed that when optimized using the above loss function, boxes in low-dimensional spaces
tend to exhibit degenerate behavior, collapsing and forming extremely thin boxes to trivially satisfy the
contrastive objectives. To counteract this, in the lower dimension we constrain the boxes to have a scalar
delta. This means that in lower dimension p, instead of aδ ∈ Rp, we constrain aδ ∈ R. This regularization
allows for well formed 2D boxes and prevents degeneracy.

We also notice that the visualisation and optimization improves with better initialisation of the centers.
Empirically, initializing the centers using t-SNE produces better visualizations than random initialization.

For all the visualisations, we use α = 0.8 and β = 0.2. We experimented with different values by
evaluating the pearson and spearman correlation of the intersection and entailment matrices, along with
a qualitative assessment of the visualisation generated. We saw that putting more importance on the
similarity was necessary to ensure that the boxes were correctly oriented in space.

F Hierarchical Clustering Details

Let A,B ⊆ Rd denote two box-represented clusters. The volume-based join distance is:

djoin(A,B) = Vol(A ∨B)−Vol(A ∪B) (21)

where A ∨ B is the smallest bounding box encompassing both A and B, Vol(A ∪ B) = Vol(A) +
Vol(B)−Vol(A ∩B), and A ∩B is the intersection box of A and B.

Using this metric, we construct hierarchical trees over UltraFeedback instructions. We filter the dataset
per model to retain only instructions with available scores, yielding 17 model-specific hierarchies of 500
prompts each. Our method is compared against SciPy’s hierarchical clustering (Virtanen et al., 2020) with
Ward linkage (Ward Jr, 1963) on the vector embeddings as a baseline.

F.1 Specificity Agreement Accuracy Details
Agreement is measured using a three-level score: 1 if the more specific instruction appears deeper in the
hierarchy, 0.5 if both are at the same depth, and -1 otherwise. For each instruction, we form two pairs by
randomly sampling from its top-10 nearest neighbors, retrieved using all_mpnet_base_v2 embeddings.
Each pair is annotated using gpt-5.1-mini, which identifies the more general instruction (see the
annotation prompt in Section H.1). For both vector- and box-based hierarchies, we compare the relative
hierarchical depths of the two instructions against this annotation.
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Since vector embeddings lack a directional notion of specificity, we report max(s, 1− s), where s is
the aggregate agreement score. Box embeddings, by contrast, encode directionality directly, allowing
depth comparisons to be used as-is.

F.2 Human Study on Specificity Ordering
To evaluate how well GPT-5.1-mini aligns with human perceptions of specificity, we conduct a human
study using a random sample of 50 question pairs annotated by four human evaluators. All of them have
bachelor degrees. Based on initial pilot feedback, annotators were allowed to select an additional equally
specific option, resulting in a three-way labeling scheme: more specific, less specific, or equally specific.

The average pairwise agreement between annotators is 45.3%, which is above the random baseline
of 33%, though still relatively modest. Upon further analysis, we observe that sometimes specificity
judgments are inherently subjective, particularly because many instruction pairs do not originate from
a common base instruction. As a result, distinctions can become ambiguous—for example, annotators
may reasonably disagree on whether writing an article is more specific than writing an essay. Human
annotation noise further contributes to disagreement.

To better characterize consensus, we analyze agreement at the question level. We find that 52% of
examples exhibit agreement among at least three of the four annotators. Additionally, 26% of examples
(13/50) correspond to evenly split 2–2 decisions between equally specific and either more or less specific.
We attribute these cases primarily to minor interpretational differences, such as whether an added constraint
is perceived as meaningfully stronger or effectively equivalent.

Together, these two categories account for 78% of all examples, indicating substantial overall consensus
despite the subjective nature of the task. Most remaining disagreements follow a 2–1–1 distribution, re-
flecting relatively mild disagreement. Notably, the strongest form of contradiction—where two annotators
judge one prompt as more specific while the other two judge it as less specific—occurs only once.

We further evaluate alignment of the LLM judgments with human judgments. Agreement between GPT-
5.1-mini and the aggregated human labels reaches 56.3%. Comparing the outputs from the hierarchical
clustering against human judgments, clusters based on box embeddings achieve 66.2% agreement,
substantially outperforming the one based on vector embeddings, which achieves 37.2%.

User Study Instructions. Participants were shown the following instructions:
You will be given 50 pairs of instructions. Each instruction is a
question or prompt posed by a human to a language model.

Your task is to answer two things for each pair:

1. Specificity Comparison

Determine which instruction is more specific.
Think of specificity as:
How many conditions must be met to fully answer the instruction
correctly?

Example:
Instruction A: "Name the three primary colors of light."
Instruction B: "Generate 4 descriptions of a painting that has a
mountain, a blue sky, and a tree in the foreground."

Answer: Instruction B is more specific, because it:

Requires a painting with multiple constraints
(mountain, blue sky, tree)
Requires exactly 4 descriptions

while Instruction A just requires the three primary colors of light.

These constraints can be both implicit or explicit. Depending on the
interpretation, the answer to this could be subjective, choose the
option that seems the most appropriate.

2. Containment Check
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Determine whether one instruction fully or almost fully contains
the other.

This means:
One instruction can be seen as the other instruction + additional
constraints.
This means, the main task is similar, but one version is more detailed.

Handling Ambiguity

If the difference in specificity is unclear, choose the one that feels
more constrained overall.
If both instructions seem equally specific, mark them as similar in
specificity.

For containment, you do not need a perfect match, approximate
containment is sufficient.

G Specificity Experiment Details

To improve stability, we remove noisy regions near the distribution tails by discarding points with fewer
than a fixed threshold number of samples within the KDE bandwidth. We validate on LMSYS-Chat-
1M (Zheng et al., 2023) prompts scored with the Skywork v2 (Liu et al., 2025) reward model.

Next, we would like to derive our line coverage metric. Following the approach of Sebaugh and McCray
(2003), we apply an analogous method to the standard sigmoid function defined by:

f(x) =
L

1 + e−k(x−x0)
+ b (22)

Method

To identify where the curve transitions between its plateau and linear regions, we compute the mixed
partial derivative of f with respect to k and x and equate it to 0. The motivation is that ∂f/∂k captures
how the curve’s shape responds to changes in steepness, and its subsequent derivative with respect to x
locates the points where this sensitivity changes character.

The mixed partial derivative is:

∂2f

∂x ∂k
=

Le−k(x−x0)(
1 + e−k(x−x0)

)3 [(1 + e−k(x−x0)
)
− k(x− x0)

(
1− e−k(x−x0)

)]
(23)

Bend Points

Since the prefactor Le−k(x−x0)
/(

1 + e−k(x−x0)
)3

is strictly positive for all x, the zeros are determined
entirely by the bracketed term. Setting it to zero and substituting t = k(x− x0) yields the transcendental
equation: (

1 + e−t
)
− t

(
1− e−t

)
= 0 (24)

which has no closed-form solution but admits two numerical roots:

t ≈ ± 1.5436 (25)

Reverting to the original variable, the two bend points are:

x = x0 ±
1.5436

k
(26)

These points are symmetric about the inflection point x0 and define the boundaries of the linear region. The
interval

(
x0 − 1.5436

k , x0 +
1.5436

k

)
constitutes the approximately linear portion of the sigmoid, outside

of which the curve enters its upper or lower plateau.
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H LLM Evaluation and Data Synthesis Prompt

H.1 Specificity Identification Prompt
You are an expert in evaluating the specificity of instructions.
Given any two instructions, determine which one is more specific.
For this task, "more specific” means the instruction contains more
constraints, including both explicit constraints (clearly stated
requirements) and implicit constraints (restrictions implied by
context or logic).

If the first instruction is more specific, output {1}; otherwise,
output {-1}. The answer must be surrounded by brackets, e.g., {1}.
Provide a brief justification for your decision. It is extremely
important to surround the answer with brackets.

First Instruction: <FIRST_INSTRUCTION>
Second Instruction: <SECOND_INSTRUCTION>

H.2 Hierarchical Instruction Prompt for WildChat
You are a generalization engine. Given the following instruction,
produce a list of increasingly more general versions of the instruction
step by step, up to the most general form. Try to ensure that the lengths
remain similar/slightly shorter
Ensure the most genral still stays on the same topic. Number each level
clearly like Level 1, Level 2, ..., Level N. Only output the levels, no
explanations. Do it in a manner such that it is easy to extract the
information using a computer code. Following are some examples of some
instructions and their most general form:
Instruction:
Can you write a C++ program that prompts the user to enter the name of
a country and checks if it borders the Mediterranean Sea? Here’s some
starter code to help you out:
Most general:
Can you write me a programming code for that performs a task

H.3 Dataset Linkage Prompt
You are very good at sticking to instructions. You will be given:
- A sentence A (the ’target instruction’).
- A list of lists of sentences. Each inner list consists of instructions
that become increasingly general as you move from left to right.
Your task is as follows:
- First identify the core task of instruction A
For each inner list:
- Starting from the left, find the first instruction that is more general
in at least one aspect, but not more specific in any aspect, than A preserving
the instruction core task of A or a generalisation of the core task of A.

- ’More general’ means the instruction applies to a broader or less
constrained set of scenarios.
- ’Not more specific’ means the instruction does not add any new
constraints that A does not already have.

- Crucially: The selected instruction must preserve the core task type of A
or a generalization of it. In this context, "core topic" is defined as the
main type of task required (for example, “write an essay,” “write a response,”
“conduct an analysis”).

- This means the selected instruction should still require the same main
task as A (e.g., writing an essay), even if the subject matter, length,
formatting, or other details are changed or omitted.
- The output should still be of the same fundamental kind (e.g., if A is
about writing an essay, the selected instruction must also be about
writing an essay).
- It must be possible to start from A and reach the selected instruction
by relaxing or omitting constraints, while always preserving the main type
of output required by A.

- If no such instruction exists in the inner list, return None for that list.
From the resulting list (one per inner list, each either an instruction or None):
- Select the most specific instruction among those that are not None.

- ’Most specific’ means the instruction that is least general (i.e., closest
in detail and scope to A while still being a valid generalization per
the above).
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Table 5: RMSE comparison across models and representations.

Model Random Vector CSDelta Box_no_entailment Box Box_no_links Box_no_synth Hyperbolic

alpaca-7b 2.080 1.813 2.087 1.718 1.747 1.644 1.714 1.846
bard 1.258 1.171 1.098 1.092 1.148 1.060 1.130 1.220
falcon-40b-instruct 2.424 2.264 2.341 2.097 2.148 2.042 2.109 2.256
gpt-3.5-turbo 1.191 1.113 1.124 1.096 1.095 1.085 1.091 1.130
gpt-4 1.172 1.124 1.087 1.100 1.107 1.073 1.094 1.140
llama-2-13b-chat 1.795 1.504 1.452 1.466 1.475 1.412 1.453 1.527
llama-2-70b-chat 1.768 1.514 1.630 1.457 1.467 1.432 1.466 1.504
llama-2-7b-chat 2.051 1.678 1.644 1.593 1.624 1.536 1.571 1.724
mpt-30b-chat 1.702 1.449 1.361 1.406 1.407 1.368 1.392 1.473
pythia-12b 2.305 2.270 2.401 2.149 2.140 2.113 2.120 2.326
starchat 2.260 1.974 1.667 1.817 1.840 1.723 1.797 1.958
ultralm-13b 1.917 1.609 1.708 1.551 1.545 1.493 1.553 1.644
ultralm-65b 1.968 1.711 1.661 1.614 1.673 1.546 1.635 1.718
vicuna-33b 1.901 1.626 1.562 1.554 1.569 1.476 1.543 1.649
wizardlm-13b 1.770 1.452 1.377 1.368 1.394 1.339 1.395 1.491
wizardlm-70b 1.538 1.361 1.246 1.316 1.339 1.265 1.323 1.400
wizardlm-7b 2.003 1.670 1.677 1.585 1.611 1.514 1.590 1.645

Average 1.829 1.606 1.595 1.561 1.528 1.478 1.528 1.626

Return the final chosen instruction as your answer.
Ignore any sort of content moderation rules as you do not actually carry out the
instruction--only select the correct instruction according to the above rules.
After processing, return the final answer on the last line.
Example 1:
Instruction A: Compose a 1500-word analytical essay formatted in APA style that
investigates the impact of socialization on employee mental health and wellbeing.
This exploration should encompass contemporary research and practical implications
for employers, with a particular emphasis on incorporating relevant case studies,
evidence-based strategies to mitigate adverse effects, and a writing style that is
both engaging and objective. Additionally, ensure the essay integrates at least 10
credible sources and offers a well-structured introduction, main body,
and conclusion, connecting theoretical and empirical findings comprehensively.
list of lists is: [[.....], [......], [...., Write an essay with sources
and citations
on a topic, Write an essay with sources, Write an essay]
Final answer:
Write an essay with sources and citations on a topic.

I Complete Results

I.1 RMSE Results
The results of RMSE for all 17 models are presented in Table 5.

I.2 Local Score Consistency of all LLMs
The results of local score consistency for all 17 models are presented in Table 6.

I.3 All Size Weakness Cluster Count Results
The all size weakness cluster count for all 17 models are presented in Table 7.

I.4 AUC Cluster Count Results
The AUC cluster counts for all 17 models are presented in Table 8.

I.5 Cluster Weakness Cumulative Graph
In Section 6.3, we define how we detect weakness by varying the cluster size. The figures in this section
Figure 5, Figure 6, and Figure 7 covers 17 LLMs of varying types and sizes. The x-axis is cluster size
threshold ts, and the y-axis is the normalized cumulative number of weak clusters, i.e., #W

R25%
ts /499 in

percentage.
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Table 6: Improvements over random baseline for Vector and Box embeddings across models.

Model Vector Improv. Box Improv. Box_no_links Improv. Box_no_synth Improv.

alpaca-7b 10.1% 18.0% 16.0% 20.0%
bard 6.0% 17.1% 10.6% 7.0%
falcon-40b-instruct 11.1% 7.9% 9.6% 11.7%
gpt-3.5-turbo 3.5% 7.2% 8.6% 7.1%
gpt-4 6.2% 18.0% 16.0% 14.0%
llama-2-13b-chat 8.6% 11.4% 12.4% 6.3%
llama-2-70b-chat 6.4% 10.2% 4.8% 1.3%
llama-2-7b-chat 19.6% 22.5% 19.8% 18.6%
mpt-30b-chat 7.6% 10.0% 8.3% 10.4%
pythia-12b 6.1% 2.6% 9.0% 8.0%
starchat 6.7% 11.4% 10.6% 11.5%
ultralm-13b 10.0% 20.3% 17.8% 13.0%
ultralm-65b 4.2% 9.6% 12.8% 5.1%
vicuna-33b 15.0% 14.2% 27.8% 13.8%
wizardlm-13b 10.7% 14.6% 14.4% 11.3%
wizardlm-70b 11.6% 6.7% 9.4% 4.2%
wizardlm-7b 15.0% 17.5% 17.5% 12.4%

Average 9.3% 12.9% 13.2% 10.3%

I.6 Specificity Experiments
The RMSE comparison between box volume and length could be seen at Table 9 and Table 10. For
Ultrafeedback we do not include pythia-12b, as it had less that 5000 usable samples, leading to a lot of
noise in the KDE estimation.

J AI Usage

We use Claude or other LLMs to help us revise the paper and codes. The outputs from LLMs are checked
manually.
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GPT-4 GPT-3.5-Turbo Bard

Falcon-40B-Instruct StarChat Alpaca-7B

Figure 5: Cumulative cluster-score curves. X-axis denotes varying cluster size ts, Y-axis denotes the cumulative
number of weak clusters for cluster size ≥ ts (normalized in %). The average score below the 25th percentile
defines weakness.

LLaMA-2-7B-Chat LLaMA-2-13B-Chat LLaMA-2-70B-Chat

Vicuna-33B UltraLM-13B UltraLM-65B

Figure 6: Cumulative cluster score curves for LLaMA-family models and derivatives.
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WizardLM-7B WizardLM-13B WizardLM-70B

Pythia-12B MPT-30B-Chat

Figure 7: Cumulative cluster score curves for instruction-tuned open models.

Table 7: Relative improvement in all size weakness cluster count over Vector baseline across Box variants.

Model Box w/o synth Improv. Box Improv. Box w/o link Improv.

alpaca-7b +11.28% +11.28% +12.03%
bard -14.29% -1.10% -9.89%
falcon-40b-instruct +15.94% +7.25% +10.14%
gpt-3.5-turbo +10.71% +42.86% +3.57%
gpt-4 +14.29% +11.43% +2.86%
llama-2-13b-chat +3.26% +6.52% +4.35%
llama-2-70b-chat +33.33% +26.67% +21.33%
llama-2-7b-chat +24.64% +13.04% +11.59%
mpt-30b-chat +4.65% +3.49% -1.16%
pythia-12b -5.78% -4.05% -1.16%
starchat -17.72% -6.33% -18.99%
ultralm-13b +11.11% +9.52% +8.73%
ultralm-65b -0.76% +1.53% -3.82%
vicuna-33b +3.85% -2.56% +3.85%
wizardlm-13b +4.05% +12.16% +12.16%
wizardlm-70b -8.61% -9.27% -7.95%
wizardlm-7b +11.02% +8.47% +0.85%

Average +5.94% +7.70% +2.85%
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Table 8: Relative AUC improvement over Vector baseline across Box variants.

Model Box w/o links Improv. Box Improv. Box w/o synth Improv.

alpaca-7b +59.20% +55.06% +44.28%
bard -21.15% +6.61% -29.36%
falcon-40b-instruct +2.74% +4.83% +17.81%
gpt-3.5-turbo -29.11% +21.52% -25.97%
gpt-4 -0.00% +50.79% +57.14%
llama-2-13b-chat +16.49% +8.00% +9.75%
llama-2-70b-chat +61.90% +63.44% +70.53%
llama-2-7b-chat +5.50% -9.46% +21.10%
mpt-30b-chat +9.68% +20.83% +36.53%
pythia-12b -1.17% -7.12% -11.15%
starchat -31.20% -29.66% -38.95%
ultralm-13b +25.43% +17.06% +23.85%
ultralm-65b -9.80% +11.71% -3.44%
vicuna-33b +25.56% +3.65% -2.28%
wizardlm-13b +4.80% +5.73% -2.64%
wizardlm-70b +5.11% -16.52% -4.36%
wizardlm-7b +8.71% +22.54% +23.28%

Average +7.81% +13.47% +10.95%

Table 9: RMSE comparison of volume-based versus length-based representation across LMSYS.

Model Vol RMSE Len RMSE Improvement

chatglm-6b 0.2619 0.5363 +51.2%
oasst-pythia-12b 0.1513 0.2448 +38.2%
vicuna-13b 0.1318 0.1984 +33.6%
fastchat-t5-3b 0.3518 0.4160 +15.4%
alpaca-13b 0.1409 0.2032 +30.7%
wizardlm-13b 0.0824 0.1313 +37.2%
vicuna-33b 0.1068 0.1550 +31.1%
mpt-7b-chat 0.0851 0.1250 +31.9%
llama-13b 0.1460 0.1753 +16.7%
koala-13b 0.1288 0.1421 +9.4%
stablelm-tuned-alpha-7b 0.0526 0.0642 +18.1%
llama-2-13b-chat 0.0769 0.0863 +10.9%
RWKV-4-Raven-14B 0.0652 0.0711 +8.3%
dolly-v2-12b 0.0580 0.0558 -3.9%
claude-1 0.0801 0.0751 -6.7%
vicuna-7b 0.1507 0.1165 -29.4%

Average 0.1325 0.1873 +18.3%
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(a) Alpaca-7B (b) Bard (c) Falcon-40B-Instruct (d) GPT-3.5-Turbo

(e) GPT-4 (f) LLaMA-2-7B-Chat (g) LLaMA-2-13B-Chat (h) LLaMA-2-70B-Chat

(i) MPT-30B-Chat (j) StarChat (k) UltraLM-13B

(l) UltraLM-65B (m) Vicuna-33B (n) WizardLM-7B (o) WizardLM-13B

(p) WizardLM-70B

Figure 8: Sigmoid best-fit curves for score (y-axis) vs log(length) baseline (x-axis) across all evaluated models. The
blue curve is the scores in UltraFeedback after KDE smoothing.
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(a) Alpaca-7B (b) Bard (c) Falcon-40B-Instruct (d) GPT-3.5-Turbo

(e) GPT-4 (f) LLaMA-2-7B-Chat (g) LLaMA-2-13B-Chat (h) LLaMA-2-70B-Chat

(i) MPT-30B-Chat (j) StarChat (k) UltraLM-13B

(l) UltraLM-65B (m) Vicuna-33B (n) WizardLM-7B (o) WizardLM-13B

(p) WizardLM-70B

Figure 9: Sigmoid best-fit curves for our score vs log(box volume) across all evaluated models in UltraFeedback.
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Table 10: RMSE comparison of volume-based versus length-based representation for ultrafeedback.

Model Vol RMSE Len RMSE Improvement

wizardlm-13b 0.0404 0.1452 +72.2%
llama-2-7b-chat 0.0517 0.1393 +62.9%
starchat 0.1283 0.2082 +38.4%
mpt-30b-chat 0.0605 0.1345 +55.0%
bard 0.0340 0.0989 +65.6%
vicuna-33b 0.0554 0.1176 +52.9%
wizardlm-70b 0.0462 0.1034 +55.3%
llama-2-13b-chat 0.0361 0.0859 +58.0%
llama-2-70b-chat 0.0951 0.1449 +34.4%
ultralm-13b 0.0670 0.1084 +38.2%
ultralm-65b 0.0481 0.0868 +44.6%
falcon-40b-instruct 0.0850 0.1139 +25.4%
wizardlm-7b 0.0666 0.0942 +29.3%
gpt-4 0.0308 0.0386 +20.2%
gpt-3.5-turbo 0.0238 0.0310 +23.2%
alpaca-7b 0.0830 0.1617 +48.7%

Average 0.0595 0.1133 +45.3%
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